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On the similarity of the sensitivity functions of methane
combustion models

I. GY. ZS«ELY� , J. Z«ADOR and T. TUR«ANYI

Department of Physical Chemistry, E¬otv¬os University (ELTE), P.O. Box 32,
H-1518 Budapest, Hungary

(Received 9 July 2004; in Þnal form 1 July 2005)

It is widely known that detailed kinetic mechanisms with identical reaction steps but with very different
rate parameters may provide similar simulation results in combustion calculations. This phenomenon
is related to the similarity of sensitivity functions, which arises if low-dimensional manifolds in the
space of variables, and autocatalytic processes are present. We demonstrated the similarity of sensitivity
functions for adiabatic explosions and burner-stabilized laminar ßames of stoichiometric methaneÐair
mixtures. The cause of similarities was investigated by calculating the dimension of the corresponding
manifolds, and the pseudo-homogeneous property of the sensitivity ordinary differential equation
(ODE). The methane explosion model showed global similarity, which means that different parameter
sets could provide the same simulation results. This was demonstrated by numerical experiments,
in which two signiÞcantly different parameter sets resulted in identical concentration proÞles for all
species. This phenomenon is important from a practical point of view in the Þelds of ÔvalidationÕ of
complex reaction mechanisms and parameter estimation of chemical kinetic systems.
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1. Introduction

To describe the combustion of a number of fuels, detailed reaction mechanisms have been
employed. To model the burning of the most important fuels, such as methane, several (up to
7Š10) independently and concurrently elaborated reaction mechanisms are available in the
literature. These mechanisms were usually developed knowing the same experimental results
for the elementary reactions; therefore, one might expect that the accomplished mechanisms
are very similar. Surprisingly, this is not the case. In a recent article by Hugheset al. [1], the
Leeds methane oxidation mechanism [1, 2], the GRI mechanism (see [3]), and the mechanisms
of Konnov [4] and Chevalier [5] were compared. The latter was the 1993-year version methane
oxidation mechanism of Warnatz and coworkers. These mechanisms had been tested on similar
experimental data, and the agreement between the experimental and simulation results were
of similar level. In Hugheset al.[1], sensitivity analysis was used to identify reaction steps, for
which a small deviation in the rate coefÞcient signiÞcantly changed the simulation results at
any of the tested conditions. There were 44 such reactions out of the 350 irreversible reactions
of the Leeds methane oxidation mechanism. Almost all of these reactions were also present in
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This implies that:

ṡik(t) = µikm ṡim(t) (10)

For variable i and parameter k, equation (8) has the form

ṡik =
∑

j

Ji j sjk + Fik (11)

Substituting the corresponding forms to equation (10) yields∑
j

Ji j sjk + Fik = µikm

(∑
j

Ji j sjm + Fim

)
(12)

Substituting equation (9) for variable j , sjk(t) = µjkmsjm(t), in equation (12) gives

∑
j

Ji j sjk + Fik = µikm

(∑
j

Ji j
sjk

µjkm
+ Fim

)
(13)

(a)

(b)

Figure 1. Semi-normalized ∂wi /∂ ln Ak sensitivity coefficient–temperature functions for the mass fraction of CO2
of: (a) adiabatic explosion and (b) burner-stabilized flame.
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If local similarity holds, then µikm = µjkm = µkm for all pairs of i and j and therefore∑
j

Ji j sjk + Fik =
∑

j

Ji j sjk + µkmFim (14)

Since Fik is in general not equal to µkmFim for any i , k and m, these quantities should be
negligibly small to fulfil equation (14), which then becomes an identity. Elements of F being
negligible small mean that the sensitivity differential equation (8) is pseudo-homogeneous.
Thus, global similarity is true if local similarity and pseudo-homogeneity are both present.

4. Similarity of the sensitivity vectors of methane–air combustion models

In all numerical examples of this paper, the combustion of stoichiometric methane–air mixtures
was investigated. Concentration–time and sensitivity–time curves of adiabatic explosions were
calculated by the program SENKIN [22]. Initial conditions were p= 1 atm, T0 = 1000 K.
Burner-stabilized adiabatic premixed laminar flames were simulated by the program PREMIX
[23]. The cold boundary conditions were p= 1 atm and Tc = 298.15 K. The simulations were
based on the Leeds methane oxidation mechanism v1.5 [1, 2], except when noted otherwise.

(a)

(b)

Figure 2. Semi-normalized ∂wi /∂ ln Ak sensitivity coefficient–temperature functions for the mass fraction of OH
of: (a) adiabatic explosion and (b) burner-stabilized flame.
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the 22 most effective parameters and the ratio of the production rates (for the explosion) or the
spatial gradients (for the ßame) of OH and O2 are plotted. Figure 3a shows that the ratios of
the sensitivity functions of OH and O2 agree very well and the ratio of the production rates of
OH and O2 coincides exactly with the ratio of the sensitivities in the whole temperature range.
Figure 3b shows that the ratios of the sensitivity functions of O2 and OH agree well below 1900
K; also, these coincide with the ratio of the gradients above 1700 K. The coincidences of the
ratios of the sensitivity functions vanish above 1900 K and sharp peaks appear, in accordance
with the loss of similarity in Þgures 1b and 2b in this region. Similar Þgures were obtained
for all other pairs of species.

Local similarity of sensitivity vectors can be investigated further by calculating the corre-
lation of the vectors according to equation (6). Figure 4a shows that the sensitivity vector of
a CO2 mass fraction is always well correlated (positively or negatively) with the sensitivity
vectors of the mass fractions of all other species in the case of adiabatic explosion. This means
that local similarity is valid for the sensitivity vectors of all species. If scaling relation is also
valid, the changes of the correlation coincide with the concentration extremes of the corre-
sponding species [11]. Accordingly, in the present case, the correlation changes are also at the
location of the minimum or maximum of the related concentration proÞles. Figure 4b shows

(b)

Figure 4. Correlation of all other sensitivity vectors with the sensitivity vector of CO2 as a function of temperature
for: (a) adiabatic explosion and (b) burner-stabilized ßame.
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the correlation of the sensitivity vector of CO2 mass fraction with the sensitivity vectors of
all other species as a function of temperature for the burner-stabilized flame. The sensitivity
vectors of most species are well correlated with that of the CO2 below 1900 K. The correlation
is poor above 1900 K, in accordance with figure 3b. Figure 4b is also in accordance with the
observations of Zsély et al. [9] that diffusion decreases the level of local similarity.

In the case of the adiabatic explosion, the calculated CO2 concentration is most sensitive
to the pre-exponential factor of reaction O2 + CH3 → CH2O + OH. Ratios of the sensitiv-
ity coefficients of all other reactions and that of this reaction were calculated according to
equation (4) and are plotted in figure 5a. The ratios are constant above 1400 K, indicating
that global similarity is valid in this region for the sensitivity functions of adiabatic methane–
air explosions. Similar horizontal lines were obtained when the sensitivity ratios belonging
to other species were plotted. In the case of the burner-stabilized flame, the most sensitive
reaction was O2 + H → OH + O, therefore, this was chosen as the reference reaction and
the ratios obtained are presented in figure 5b. Global similarity is valid in a wide temperature
interval, about from 900 to 1800 K. Loss of global similarity at 1800 K is in coincidence with
the disappearance of local similarity.

Figure 5. The ratio of the sensitivities of the calculated CO2 mass fraction with respect to the pre-exponential factors
of each reaction and that of most sensitive reaction (adiabatic explosion: O2 + CH3 → CH2O + OH, burner-stabilized
flame: O2 + H → OH + O).
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(a)

(b)

Figure 8. Dimension of the manifold as a function of temperature calculated for the (a) adiabatic explosion and (b)
burner-stabilized flame. Figure (b) contains the calculated dimension from Schmidt et al. [27] with empty circles.

fraction–temperature profile was not published). The basic features of the two dimensions vs.
temperature plots are similar and there is a quantitative agreement above 1850 K.

It is interesting to compare the dimension vs. temperature plots to the results of sensitivity
calculations. For the adiabatic explosion, the sensitivity ratios run together with each other
and the ratios of the production rates from the beginning of the calculation, but the dimension
becomes one only from about 2100 K, indicating that the presence of one-dimensional mani-
fold is a sufficient but not necessary condition of local similarity and scaling relation. For the
burner-stabilized flame, the local similarity and the scaling relation becomes approximately
valid from 1250 K, while the estimated dimension of the manifold becomes one at and above
1925 K. It shows that the presence of the low-dimensional manifold is a sufficient condition
of local similarity; in the systems investigated the sensitivities became similar at lower tem-
perature, when the calculated dimension was still about five to eight. Since the system has 37
variables, dimension of five to eight already enforces an ordering of the sensitivity functions.

Presence of local similarity and the pseudo-homogeneity of the sensitivity differential equa-
tions were shown to be a sufficient condition of global similarity. To check the latter condition
in the case of the adiabatic explosion, the ratios of the norms of the inhomogeneous F j and the
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Figure 9. Ratio of the norms of the inhomogeneousF j and homogeneousJsj terms for each parameterj of
sensitivity differential equation (8) in the case of the adiabatic explosion.

(a)

(b)

Figure 10. Eigenvalues of theSTS matrix as a function of temperature calculated for (a) explosion and (b) burner-
stabilized ßame.
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homogeneous Js j terms for each parameter j of the sensitivity differential equation (8) were
calculated. Figure 9 demonstrates that the ratios are almost zero above temperature 1400 K
for each parameter, showing the pseudo-homogeneity of the sensitivity ODE. It is in perfect
agreement that global similarity becomes valid at 1400 K.

6. The consequences of the similarity of the sensitivity functions

The rank of the local sensitivity matrix was claimed by Zsély et al.[9] to be less than or equal
to the dimension of the manifold. The rank of matrix S is equal to the rank of the STS matrix.
In the case of the adiabatic hydrogen–air explosion, Zsély et al. [9] demonstrated that one
eigenvalue of the STS matrix is much greater than the others, and therefore the approximate
rank is one. Here, the approximate rank of the STS matrix is calculated in a similar way for the
stoichiometric methane–air adiabatic explosion and burner-stabilized flame. Figure 10 shows
that for the adiabatic explosion the first eigenvalue is 105 to 1010 times larger than the second
one. In the case of the flame, the first eigenvalue is 102 to 103 times larger than the second one
and it is 103 to 105 times larger that the fifth one. This means that the rank of sensitivity matrix
of explosion can be considered one and the approximate rank is also small for the sensitivity
matrix of the flame. This is in good agreement with figure 4, which shows the correlations of
sensitivity vectors.

Presence of both local and global similarities means that if several parameters are changed
in a model, its overall effect can be fully compensated by changing a single effective parameter,
because the ratio of the sensitivity functions is identical everywhere in the region of similarity.
This way, the values of all variables can be restored to the original value in a wide rangeof
time or distance. If only local similarity is present, the values of all variables can be restored
simultaneously, but only at a single point of the independent variable.

This feature was demonstrated for H2/O2 explosions [9]. Figures 11 and 12 report the re-
sults of numerical experiments for methane explosion. Concentration–time curves for species
CO2, OH, CH3 and CH had been calculated for the adiabatic methane–air explosion using
the original mechanism; the results were plotted with solid lines. Sensitivity analysis identi-
fied that changing the pre-exponential factors of reactions 2CH3(+M) → C2H6(+M), CH3 +
HO2 → CH3O + OH, CH4 + H → CH3 + H2 and CH2O + OH → HCO + H2O have high in-
fluence on the calculated concentrations. These pre-exponential factors were increased by 50%;
the calculated concentration curves are given in figure 11 by dashed lines. According to the
sensitivity analysis, changing the pre-exponential factor of reaction O2 + CH3 → CH2O + OH
has the highest influence; in the next step, it was increased to shift the OH peak back to the
original time. The required modification found by iteration was 9.875%, and then the calcu-
lated results for all species at all timesbecame very similar to the original ones (see dotted
lines). This means that although in the final mechanism the values of five of the most effective
parameters were very different from the original ones, the model results were almost identical
for all concentration curves at all times. Similar results could be obtained, if the modification
of the parameters were much larger. In another numerical experiment the pre-exponential
factors of the same reactions were increased by 400% and this change could be compen-
sated by increasing the pre-exponential factor of the reaction O2 + CH3 → CH2O + OH by
56.82%. As figure 12 shows, the agreement of the concentration curves of the original and the
5-reaction-modified mechanism is still good, but worse than in the previous case. Note that
global similarity is based on local sensitivity vectors, which are supposed to be informative
for small parameter changes only. Our results indicate that the behaviour predicted by global
similarity is also valid for large parameter changes, but inaccuracy increases, increasing the
change of the parameters.
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(a)

(b)

(c)

(d)

Figure 11. Concentration–time curves for species (a) CO2, (b) OH, (c) CH3, and (d) CH, calculated for the adiabatic
methane–air explosion using the original mechanism (solid line); a modified mechanism, obtained by increasing four
of the most sensitive rate parameters by 50% (dashed line); and a third mechanism, obtained by an appropriate
modification of an additional fifth parameter (increased by 9.875%, dotted line). The solid and the dotted lines can
be distinguished only in the blown-ups.






