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Abstract
Local scnsitivity functions 3Y, /3p, of many chemical kinetic modcls exhibit three types of

stmilarity: (i) local similarity. ratio X, ={oY jop, )/(an/apk) is equal for any parameter £;
{ii) scaling relation: tatio A, is equal to (ar, /dz)/(d Y, /dz); (ifi) global similarity: ratio
(6%, /0p, }/(2Y, /ép,.} is constant in a range of the independent variable z. Similarities can be

detected by calculating the ratios above or, in a more efficient way, via the investigation of
the corrclations based on the scalar product of the corresponding sensitivity vectors. Local
similarity may be a consequence of the existence of low-dimensional slow manifolds in
chemical kinetic systems. Scaling relation may be present, if the dynamics of the system is
controlled by a one-dimensional slow manifold. Glebal similarity emerges if local similarity
is present and the sensitivity differential equations are pscudo-homogeneous. Global
similarity means that the effect of the simultanecus change of several parameters can be fully
compensated for all variables. in a wide range of the independent variable by chanping a
single paramecter. The similarity relations arc very important from a practical point of view in
the fields of the ‘validation” of complex reaction mechanisms and paramcter estimation of
chemical kinetic systems. Global similarity of models can be revealed by the principal
component analysis of the sensitivity matrices. The statements are illustrated by numerical
examples related to the homogeneous explosion and adiabatic laminar flames of
steichiometric methane—air mixtures.

Introduction

Sensitivity analysis is a widely used tool for the study of chemical kinetic and combustion
models [1]. Most of the combustion simulation programs calculate local sensitivity
coefficients s4={a¥/8p,}, which show the change of model result ¥; if parameter p, has been
slightly changed. In case of a general mathematical model, no relation is expected among the
rows and‘or the columns of the sensitivity matrix 8 = {5}, However, in several chemical
kinetic systems the following relations have been observed [2], [3]:

(i) local similarin: Value

)Laj(z)

6 o

depends on the independent variable z {time or distance) and the model results ¥; and ¥
selected, but is independent of parameter p; perturbed.
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{it) scaling relation: Cquation

(d Yood :') _ 8 (:} 2
{dr, 4z} 5.0 -

is valid for any parameter pi. Existence of scaling relation includes the presence of {ocl
suniiarity,
(it global simifarity: Value

is independent of z (within an interval) and the modet output studied.

Globul similarity of sensitivity functions was first detected by Reuven ef af. [4], who had
created a computer cede for the calculation of local sensitivities of stationary two-poin
boundary valuc problems and tested it on a symbolic model of 1D laminar flames. The
original name was self-similarity, but is it was changed [2] to global similarity, becavse “self-
similarity’ is a widely used name for a different notion. Smooke ef al. [5] used this program
for the calculation of stationary adiabatic premixed laminar hydrogen- air tlames and again
global similarity of the sensitivity curves was found. Mishra ef af. [6] applicd the code for the
calculation of sensitivities of adiabalic premixed burner-stabilized luminar CONM/00 Names.
They reported not only global similarity, bur also scaling relations. Mishra er of, found that
the similarity reiations are not valid if the emperature profile is fixed. This observaiion
suggested the importance of temperanire as a variable that ». ongly couples the other variables
in adiabatic combustion systems.

Rabitz and Smooke [3] claimed that the onser of scaling relations und global similarity
could be explained by assuming that there is a single domingni varivble in the system.
According to their definition, a variable is called dominant, il changing the value of it changes
the values of ali other variables, but perturbation of the value of a non-dominant variablc
changes the values of other non-dominant variables most significantly through the
perturbation of the value of the dominant variable. They assumed temperature to be the single
dominant variable in adiabatic combustion models. Vajda er al. [7} investigated this subject
by comparing sensitivity finctions of models of adiabatic explosions and taminar flames of
hydrogen—air mixtures. They concluded that the sensitivity functions of flames are much
more similar than that of homogeneous explosions. Vajda and Rabitz [8] studied thermal
explosions modelled by a single step, ath-order, exothermic reaction. Their model had two
variables: temperature and fuel concentration. Global similarity was observed for parameter
sets where the model simulated thermal runaway. In a dynamical sysiemn, the parameter
perturbation causes a shift in the values of system variables, which induces further changes of
these values. The system of sensitivity differential equations s called pseudo-homogeneous, if
after some time (and/or distance) this indirect effect on system variables is much more
significant than the direct effect of parameter perturbation. Vajda and Rabitz [8] stated that
the onset of global similarity for explosions could be explained if the model has two
properties: temperature is the single dominant variable and the sensitivity cquations are
pseudo-homegencous in a time window.

In a series of recent papers [2], [9], [10}, we have reinvestigated the similarity of
sensitivities of various models of hydrogen—air combustion. The theorctical statcments of our
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previous papers are summarized here and the investigations are extended to another system,
the combustion of methane—air mixtures.

The origin of local and globzl similarity
Changes of concentrations and temperature in a constant pressure spatially homogencous
rcaction system can be described by the following initial value problem:

dwide=T (T, w,p), w(ly = w" {4a)
7 dr= fu7 w.p) T{o)=71" (4by

whers T ls temnerature, ¢ ts time, w is the (M-1)-vector of mass fractions, p is the M-veclor of
parameters and 7° and w' arc the initial valucs of temperaiure and mass  fractions.
respectively. Let Y denete the veetor of varables, that 1 Y-(w, ) and accordingly f={{,., /7).
Parameter vector pincldes the Arrhenius coefficients of reactions, the heat of formation of
species, efc. Local sonsitivity coefticiend sy = 2Yddpe mives information on the effect of the
small change of parameter oy o0 model output ¥ The sensitivity coefficients constitute the
first order local sensitivily mutrix $={Z¥/fpsi. This sensitivity matrix can be calculated by
solving the following imtial value preblem:

§S=-J8:F, Sty =10 (5)

where J = F/GY s the Jacobian and F = Cf/0p. If matrix F were a zero matrix, cquation (5)
would be bomogeneous. In some systems i]' 1 << ”l ‘ul[ and then equation (5) 1s called pseudo-

homogeneons [R]. Relation of the two terms on the right-hand-side of equation {5) has a
physical meaning, which is expleined here using the torms of a cheniical kinetic model.
Perturbation of an A-factor of a reaction chanpes the production rates of the species that arc
participating in this reaction, and thercfore the concentrations of these species will be
changed, which can be called the direct effect of parameter perturbation. Afrer some time, the
medificd concentrations change also the rates of other reactions and thus medify all other
caleulated concentration values (ndircet effect). Shortly after the parameter perturbation only

. -
Bt

the direct effect is significant ({1

i\..
i

38|} Having clapsed longer time, the direct and the
indirect eftects can be of comparable magnitude (equation (5) is inhomogeneous) or the direct
cftect becames negligible compared to the indircet effeet and equation {5) becomes pscudo-
homogencous,

In many chemical kinctic sunulations, the calculated sensitivity functions show some or
all of the similarity relations above. Using equations (1) 1o (3}, the similarity of sensitivity
coefficient functions can be demonstrated. However, the similarity relations can be
investigated also through the sensitivity vectors, Let 5T = 8Y, /p denote the vector of the ith
row of the sensitivity matrix, where superscript T denoles transpose of a vector. The local
similarity of sensitivity vectors implies relation

s1{r)=2,(0)s7 (). (6)

Equation {6) mcans that all othcr rows of the sensitivity matrix can be obtained from any non-
zero row. Conscquently, the rank of the sensitivity matrix is one. 1f rank # of the sensitivity
matrix g greater than 1 but less than N (assuming that N<3f), it might mean that there are
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similarity relations among some of the rows of the sensitivity matrix, while the other rows are
independent from the similar oncs.

If scaling relation is also present, then scaling factor A is equal to the ratios of production
rates (¢f cquation (2)):

ar
s/ ()= 3—s70) M)

s/ (M) =n(nt'} s (1), (%)

if global similarity is valid in interval (1,.1,) and 6,1 (1,.1,).

We have shown [2] that the similarity of sensitivity functions is related to the existence of
low-dimensional slow manifolds in chemical kinetic systems. Probably Roussel and Fraser
[11] were the first who described the evolution of kinetic systems in connection with slow
manifolds. They stated taat the existence of very different time scales in chemical kinetic
systems causes the trajcctory of the solution to move on slow manifolds. n a dynamical
system of N variables, the degree of freedom of the movement is originally Ni<N, after
deducing the exact and the approximately valid conservation relations. Examples for the
former are the element conscrvations in closed systems. The trajectory originally moves on an
N, dimensiona! manifold, but as time advances usually the dynamical dimension of the
movement decrcases and after some time the trajectory moves close to a two-dimensional
surface (curved plate), then close to a one-dimensional curve, and finally arrives to the zero-
dimensional equilibrium point if it exists. Maas and Pope [12] claborated algorithms and
computer codes for the approximate numerical calculation of slow manifolds. They also
studied the existence of manifolds in several combustion models and generated reduced
models having few variables only. In the functional description of slow manifolds, there arc
no distinguished independent variables; the manifolds can be locally parameterised by any
non-constant variables,

The scaling relation can be explained [2) on the basis of two assamptions: (1) the
dynamical behaviour of the system is controlled by a one-dimensional slow manifold in the
space of the variables; (ii) an infinitesimal change of a parameter changes the velocity of the
movement on the manifold, but negligibly dislocates the manifold.

Let the one-dimensional manifold be defined by vector function H.

Y(z,p) = H{Kz.p)), 9

where function H provides the values of all variables ¥; as a function of the arbitrarily
selectcd parameterising variable ¥;. Letter z denotes the single independent variable (time or
distance). Assume that the kinctic system of differcntial equations arc autonomous, thercfore
H does not depend directly on 2. Also, it can be assumed that a small change of parameters
negligibly dislocates the manifold, therefore function H docs mot depend directly on p.
Differentiating equation (9) with respect to z gives:
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2H(z.p) _ EH 8%(z,p)
& Y

. (10)

while differentiating equation (9) with respect to any parameter p; yiclds

¢Yiz.p) _cH ¢kiz,p)

11)
ap, oy dp, (
Combination of these two equations gives a scaling relation:
oy o —~r -t
c¥iz) _enimyer | ey (12
&p, dp, drlés -

This cquation is valid for both temporal and 1D stationary systems and can be eusily
converted 1o cquation (7), which does not contain varlable ¥,. This also supports the claim
that in cquation (9} selection of variable ¥; is not unique. The reasoning above can be
extended to multi-dimensional manifolds. Tn this case, existence of the manifold causes lincar
dependency of the rows of the sensitivity mauix, but the scaling relation is not valid.

Vajda and Rabitz [8] suggested that a necessary condition of global similarity is the
pseudo-homogeneity of the sénsitivity differential cquations and demonstrated it on the
example of a single rcaction-step model of thermal explosion having two variables. Their
derivation was cxtended and developed finther in article [2]. The conclusion of the reasoning
there was that the pseudo-homogencous property of the sensitivity differential cquations and
the presence of local similarity together imply global similarity.

Investigation of the correlation of sensitivity vectors

According to cquation (6), local similarity means that a sensitivity vector can be obtained
by multiplying any other non-zero sensitivity vector by a scalar. In other words, in the M-
dimensional space of variables two locally similar sensitivity vectors point to the same
dircction. The level of local similarity can be defined [9] by the difference in the dircetion of
the two vectors, which can be obtained by the calculation of the scalar product of the
nomalized vectors:

78] =cos0O,, (13)

Here s{ and s' are the normalized (unit length) sensitivity vectors and 9, is their angle.
Local similarity can be characterized by ¢y =cosB,, which is between —1 and +1. This value

represents & kind of corrclation measure, which is in accordance with the other correlation
functions used in mathematical statistics and the geometric interpretation of the correlation of
vector clements. A detatled comparison of the corrclation functions and a discussion on their
meaning is given in reference [9]. If ¢, is near to +1, it means that the sensitivity vectors are
similar and there is positive correlation between the elements, that is increasing two
parameters separately change the calculated values of all variables to the same direction. If ¢
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is near to —1, then the sensitivity vectors are similar, there is negative correlation between the
clements, and increasing one parameter has similar effect to decreasing the other parameter. If
o is close to zera, then the sensitivity vectors arc not correlated and are not similar. In the
next section, correlation function ¢y is always used in such a way that the corrclaiion of
scveral sensitivity vectors will be compared to a selected reference sensitivity vector.

Another tool for the investigation of the corvelation of scnsitivity vectors [9) is the
application of cobweh plots. The elements of the examined vectors are plotted along vertical
seciions in a way that the greatest negative clement is at the bottom, the greatest positive
element is at the (op, the zero is in the middle, and all other vector clements are linearly scaled
in between these points. The sections belonging Lo the different vectors are arranged next to
each other and the corresponding vector clements of the neighboring vectors are connected,
ie s is connected te s,;, ¥,z is connected to s efe. If the vectors arc positively correlated,
the lines are horizontal; if they are negatively correlated, the lines form an asterisk-like
pattern, and no regular pattern can be observed if there is no correiation between the two
vectors.

Similarity of the sensitivity vectors of methane—air combustion models

In the simulations presenied here, the Leeds Methane Cxidation Mechanism [13], | 14]
was used, which contains 37 species and 350 (ireversible) reactions. The combustion of
stoichiometric mixturcs was investigated. Concentration-time and sensitivity—time curves of
adiabatic explosion were caleulated by program SENKIN [15]. The initial conditions werc
p=1atn, T, =1000 K. Premixed laminar flames were simulated by program PREMIX [16].
The freely propagating laminar premixed flames had cold boundary conditions p =1 atm,
Ty =298.15 K. For the stationary simulation of freely propagating flames, the coordinatc
system moves with the flame front and it is fixed to a point of a given temperature of the
flame. [n our calculations, the reference temperature was always 400 K. In the case of burner-
stabitized flames, the starting pomt of the coordinate system is the bumer-surface and the
shape of the flame is delermined by the mass flow rate of the fucl-air mixture. If the muss
flow rate commesponds to the velocity of the freely propagating flame, the flame becomes
adiabatic and the temperature and concentration profiles become identical to that of the frecly
propagating flame.

In all figures the results arc plotted as a function of temperature instead of time
(explosions) or distance (1D stationary flames). This is an equivalent representation of data,
because temperature continuously increases with time and distance in adiabatic homogencous
explosions and 1D stationary flames, respectively. Also, presentation of the resulis as a
function of temperature is more meaningful for the researchers of the combustion community.
The combustion models contain farge number of parameters, like Arrhenius parameters,
thermodynamic data efc. For simplicity, in the subsequent calculations only the sensitivitics of
the calculated concentrations and temperature with respect to the preexponential factors A of
the reactions will be investigated.

Figure 1 shows the sensitivity—temperaturc functions of the calculated CO» mass fractions
in the case of adiabatic explosions. For plotting purposes, the semi-normalized v, /8In4,

sensitivity coefficient—temperature functions were drawn. The sensitivity curves are
surprisingly well ordered. The next step is t0 check the existence of local similarity and
scaling rclations by calculating the appropriate ratios of sensitivity functions and production
rates, Several parameters of the model arc not effective, the corresponding sensitivity
functions are near zero, and their value is calculated with large relative numerical error. For
this rcason, in Figure 2 the ratios of the sensitivity functions of only 90 effective parameters
are ploiled. This figure shows that all the ratios of the sensitivity functions of HO; and OH
agree well above 1300 K. The dashed line in Figurc 2 shows the ratio of the production rates
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of HO: and OH. 1t does not coincide with the ratio of sensitivitics, therefore scaling roladon s
not valid in this system, unlike in the adiabatic explosion of hydrogen--air ntixturos 2

Local simifarity of sensilivity vectors can be investigated further by calenlutine the
corretation of the veclors from the scalar products. Figure 3 comparcs the comrclulion et
sensitivily vector of CO, mass fraction with the sensilivity vectors of afl other spocios o the !
samic time (lemperature). Above about 1300 K. these sensitivity wvoctors are lw
corrclated (positively or negatively) with that of CO». This means that Jacal SHGEATY By ouidy
in a wide rangc of time (femperature). If scaling relation were valid, the changes ol correliiog
would coincide with the concentration extremes of the corresponding specics (91 e this cose.
the correlation changes are naf at the location of the minimum or wasimum of e
concentration functions of the corrcsponding specics.

One of the most sensitive parameters for the calculated COy concontation is il
preexponential lactor of reaction O,+CHy»>CH-0 FOH. Ratios of the sensitivity cosfioien;
of all other reactions and that of this reaction were calculated according o equation (3 und
plotted in Fipure 4. The ratios arc constant above 1300 K indicating that alobal simitarity js
valid for the sensitivity functions of adiabatic methane-air explosions. Similar vertical Hies
were obtained when the sensitivity ratios belonging to other specics were plotted. Presencs of
local similarity and pseudo-homegeneity of the sensitivity differential equations was srared
[2] to be a nccessary condition of global similarity. To check the Jarter condition, in Figure 3
the ratios of the norms of the inhomogeneous I, and the homogencous Js . ferms for ene

parameter § of the sensitivity differential cquation (3} is platted. The ratios are almost sera
above a threshold time {tempcrature) for cach parameter, showing the pseudo-homagencing of
the sensitivity ODE and supporting the statement, |

{t has been noted [2], that the presence of diffusion decreases the levet af sim Ly, :
Figure 6 is similar to Figure 3, but in this case the correlation the sensitivity finelions ol
burner-stabilized flame was plotted, The sensitivity functions of about half of the speeivs are
well correlated with that of €O, but in this case the correlation is poor for the wost of liw
sensitivily functions.
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Figure 1. Semi-normalized CO, mass fraction sensitivity—temperature curves for thi
adiabatic explosion of a stoichiometric methane-air mixture
Each curve belongs to a different preexponential factor 4,
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Figure 2. The solid lines show the ratio of sensitivity functions of HO: and OH for Y
reactions. The dashed linc indicates the ratio of the corresponding production rates.
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Figure 3. Corrclation of all sensitivity vectors with the sensitivity vector of CO; as a function
of temperaturc for a stoichiometric methane—air explosion. The figure shows the existence of
good local similarity of sensitivity vectors above 1300 K.
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Figure 4. Considering the sensitivity of the calculated CO: concentration, the ratio of the

sensitivity functions of the preexponential factors of each reaction and that of reaction )

{02+CH; > CH:0+0H) were caleulated. The horizontal lines show that global stmilarity is
present among the sensitivity vectors of methane air stoichiometric explosions.
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Figure 5. Ratio of the norms of the inhomogeneous f; and the homogeneous Js, tenms tor

gach parameter J of the scnsitivity differcntial equation in the case of adiabatic homogeneous
explosion of methane—air mixtures. The near-zero ratios show that the sensitivity ODE 1s
pseudo-homogeneous above a threshold remperature.
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Fiavre 6. Correlation of all sensitivily vectors with the sensitivity vecter of CO- gs a lunction
of temiperature for a methane air sicichiometric 11D stasionary bume-stabitized flame, The
figuie shows that local similarity is valid for aboul hali’ of the sensitivity woctors,

The imporiaace of tie simiizrity of sensidvity fuections [ chenrical hineiics
Gilobal similarity means that if several purameters are changed i o medel,
s fulty compeasated by changing u single effeerive paramcter. This way 'hc i
varinkles cun be restored 1o the original value ina vwide sanoe of time o gistanes. lt G
similiriiz i presem, the values of ¢ff variables are rostored simuitaneeasly. dut enly aa poin

ol the aslopeadeno vaciable,

In e cuse of empirical rodels, the only wsk of (e madel & 1o puevide o
doseripiien of the observations. Prescnce of global similaine means that disTerenr pasmear
sois can provide the same simudition vesults. Tn case of physical models. li paramuoress
axsumed 1o have @ “true” value, which can be unambipuonsly detenmined in independ
experiments. Perfeet agreement benween the bulk cxperimentat anid die simulation cosaits [or
ali variables o wide range of time (distance) is woully considersd o be a proaf hut wli of
the uscd norameters are conrect. Existence of global simbaricy means that if the values of
stz of e paramcters are wrong, it can be fully nusked by other parameters beling also
incorrect. 1 a physical parameler is determined in sueh a system by fiting to experimental
daia. error in the fixed parameter values cause the determined paramcter (o become ervoteous.
However, the firted modet perfectly reproduces all the cxperimental dula, even if the valics of
several varlables are measured at several time points (distances).

A powerful tool for the investigation of the efficiency and interaction of parameters for
the calculated results is the principal component analysis [17] of the sensitivity matrices. The

method includes the eigenvalue-<¢igenvector decomposition of matrix };rg where matrix S 15
composed of several normalized sensitivity matrces belonging to a series of points in tims or
distance. The number of large eigenvalues is equal to the number of effective parameter
groups and these parameter groups are defined by the eipenvectors. It has been shown | 10]
that if alf the > component sensitivity matrices are selected from the region of plobal similarity.

then matrix 878 hasa single large cigenvalue.
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Similarity relations of the sensitivity vectors is related 1o the observation ¢hat watwis §'S
generated from cherical Linetic simulations has usually few large cigenvalues  The
consequence 15 that complex reaction mechunisms can frequently reproduce aft cvuluble bulk
experimental datu by wning only few rate peramcters. Probably this is the reason why vory
different reaction mechanisms exist in the literature that deseribe the same set of eaporiniental
datz with similar level of accuraey [13].
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