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Local sensitivity functions3Yi/dpx of many chemical kinetic models exhibit three types of similarity: (i)
Local similarity: ratioA; = (3Yi/ap)/(3Y;/9ps) is the same for any parameter(ii) The scaling relation ratio

Aij is equal to (&i/d2)/(dY;/d2). (iii) Global similarity. ratio (3Yi/dp.)/(3Yi/dpm) is constant in a range of the
independent variable It is shown that the existence of low-dimensional slow manifolds in chemical kinetic
systems may cause local similarity. The scaling relation is present if the dynamics of the system is controlled
by a one-dimensional slow manifold. The rank of the local sensitivity matrix is less than or equal to the
dimension of the slow manifold. Global similarity emerges if local similarity is present and the sensitivity
differential equations are pseudohomogeneous. Global similarity means that the effect of the simultaneous
change of several parameters can be fully compengateadl variables, in a wide range of the independent
variable by changing a single parameter. Therefore, the presence of global similarity has far-reaching practical
consequences for the “validation” of complex reaction mechanisms, for parameter estimation in chemical
kinetic systems, and in the explanation of the robustness of many self-regulating systems.

1. Introduction value of the independent variable (e.g. distance in the case of
o . . . stationary flames). Rabitz and Smoékalled these similarity
Sensitivity analysis is an effective tool for the exploration of foay,reg thescaling relationand self-similarity, respectively.
the relation between the output of mathematical models and Vajda, Rabitz, and Yettérinvestigated sev,eral models of
the input data, which comprise the values of parameters as We"hydroéeprair h,omogeneous explosions and laminar flames to
as the initial or boundary conditions. Dynamical mathematical study the role of diffusion in the emergence of similarity. They
models include chemical kinetic models, and sensitivity analysis reported that similarity could not be observed in purely te-mporal

Eii;efgnvg;g\ilf{eisgféntrr\zacgﬁ?alflggtrﬁtsiﬁe;?ine:c;g %g?tﬁs'systems and concluded that diffusion was needed to render the
P P sensitivity functions similar. Vajda and Raffitprovided a

with respect to the parameters and describe the effect of small ST o S .
. . S ~. . deeper theoretical insight into the origin of similarities, but this
parameter perturbations. There is no a priori reason sensitivity .~ ="~ . . ;
) - . derivation was valid only for the case of a single-step,
functions should be similar to each other in the case of a general . .
homogeneous, exothermic reaction.

mathematical model. : . .
Reuven et al.tested a new code for the calculation of local . In this work, stqtements of papéTé are reinvestigated and,
sensitivities of two point boundary value problems. The sample In Some cases, d|_ffere_nt conclusions are drawn. We fqund that
the scaling relation is not related to the assumption that

system was a 1D laminar flame with a symbolic reaction : domi ble in adiabati busti
mechanism containing three species, a reactant, an intermediatdMPerature is a dominant variable in adiabatic combustion
systems and diffusion is not needed for the emergence of

and a product. They found that the sensitivitlistance curves yorett! ) !

were very similar to each other for all parameters. Reuven et Similarity. Instead, we claim that the existence of one-
al. applied this code for the simulation of premixed flat dlmen3|c_)nal slovx_/ manifolds in c_hem_lcal kinetic systems causes
hydroger-air2 and CO/H/O, 3 flames, and again the sensitivity the.scghng relation and that diffusion decreases the level of
functions were found to be similar. They also noticed that this Similarity.

similarity disappeared if temperature was not calculated, but In section 2, background information to the numerical
the temperature profile was fixed to the previously calculated examples is provided. In the next section, sensitivity functions
values. Rabitz and Smockerovided an explanation of this are presented for models of stoichiometric hydrogain
interesting result. They stated that a strong coupling betweenexplosions and premixed laminar flames, and the similarity of
the variables, like the calculated temperature in combustion the sensitivity functions is demonstrated by plotting the ap-
systems, implies two types of similarity between the sensitivity propriate ratios of sensitivity coefficients. The preceding sections
functions. The first one is that the ratio of the sensitivities of provide a framework in section 4 for the discussion of the
two variables with respect to the same parameter is equal forprevious results on the similarity of sensitivities. It is unusual
any parameter and that it is also equal to the ratio of the gradientsto place the discussion of the literature after new results, but
of the corresponding variables with respect to the independentthe prior inspection of the numerical results makes the brief
variable. The second one is that the ratio of the sensitivities of literature review section much more understandable. In section
any variable with respect to any two parameters is equal at any5, the emergence of the scaling relation is explained using the
low-dimensional manifold theory. In the next section, the origin
* Corresponding author. E-mail: turanyi@garfield.chem.elte.hu. of the global similarity is discussed. In section 7, the importance
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Figure 1. Mass fractions of species H, OHHand HO as a function of temperature for adiabatic combustion of stoichiometric hydr@gen
mixtures: (a) homogeneous explosion (solid lines); (b) freely propagating flame (dotted lines); (c) burner-stabilized flame (dashed lines). The
dotted and the dashed lines almost exactly coincide. The cold boundary conditions of the flames aratm andT. = 298.15 K.
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of the similarity of sensitivity functions is emphasized, showing In the first series of homogeneous explosion calculations, the
its consequences on model identification and parameter estimatemperaturetime curves were calculated assumidjabatic

tion. conditions. This temperaturgime function was recorded, and
in the second series of calculations, the concentratiione
2. Background of the Numerical Examples curves were calculated while temperature was changed over time

according to the recorded data. Such calculations were called
The numerical examples in this paper are related to the constrained temperatu@mulations. In this case, all calculated

combustion of hydrogen or methane. In the methane combustionconcentrations were identical to the adiabatic explosion results.
calculations, the Leeds methane oxidation mechahisas used, Similar constrained temperature calculations were carried out
which contained 37 species and 350 reactions. In the hydrogenfor all flame simulations; in this case, the temperattolisstance
combustion calculations, a submechanism of the Leeds mech-functions were determined from adiabatic flame calculations.
anism was applied that contained the hydrogen oxidation stepsThis procedure is usually not used in combustion simulations,
only. This submechanism had 9 species and 46 reactions. Bothbecause after much effort identical concentration profiles are
mechanisms can be downloaded from the Web. obtained. However, an important feature of the sensitivity

The numerical examp|es were elaborated by the programsfunctions is that these are SUbStantia”y different in the adiabatic
of the CHEMKIN-II package. Homogeneous explosions were ~and constrained temperature models.

calculated by SENKIN? and premixed laminar flames were For the stationary simulation of freely propagating flames,
simulated by PREMIX! The freely propagating laminar the coordinate system moves with the flame front and it is fixed
premixed flames had cold boundary conditignss 1 atm, T to a point of a given temperature flame. For numerical reasons,

= 298.15 K, and fuel-to-air ratip = 1.0. At the hot boundary,  this reference temperature has to be close to the cold boundary
the gradients of concentrations and temperature were zerojtemperature and the recommended value is about 100 K above
therefore, the hot boundary state was equal to the burntit. In our calculations, the reference temperature was always
equilibrium state. Since it was an adiabatic flame, the cold and 400 K. For the case of burner-stabilized flames, the starting
hot boundary gas mixtures had to have the same enthalpy. Fopoint of the coordinate system is the burner-surface and the
numerical reasons, there was a small difference in enthalpies,shape of the flame is determined by the mass flow rate of the
which could be decreased by applying more nodes in the hot fuel—air mixture. At low mass flow rates the flame front is close
region and using lower error tolerances. We wanted to compareto the burner surface and there is significant heat loss at the
the calculated concentrations and sensitivities of the homoge-surface. If the mass flow rate corresponds to the velocity of the
neous explosions to those of laminar flames; therefore, the initial freely propagating flame, the heat loss becomes negligible, the
concentrations of homogeneous explosions were determined inflame becomes adiabatic, and the temperature and concentration
the following way. The enthalpy of the hot boundary mixture profiles become similar to those of the freely propagating flames.
was set to that of the cold boundary by slightly changing Figure 1 shows the calculated mass fractions of some selected
temperature. The corrected hot boundary and the cold boundaryspecies as a function of temperature in adiabatic stoichiometric
compositions were mixed. The resulting mixture had the same freely propagating and burner-stabilized 1D hydrogain
composition of elements and the same enthalpy. The ratio of lames. The concentratiertemperature curves are almost
the cold gas was gradually increased, and the mixture havingidentical for these two types of flames. These concentration
the lowest temperature but still able to explode withirm3 curves are very similar to those of the adiabatic explosion above
was used as the initial composition in the homogeneous about 1300 K. In adiabatic explosion calculations enthalpy is
explosion simulations. Figure 1 shows the concentration of somepreserved with high accuracy, unlike in the flame calculations,
selected species as a function of temperature during homogeWhich cause a small deviation in the burnt states.

neous adiabatic explosion of a stoichiometric hydrogain To facilitate the comparison of simulation results for explo-
mixture. sions and flames, in all figures the results are plotted as a
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function of temperature instead of time or distance. Since §=JS+F, S0)=0 2
temperature continuously increases with time and distance in _ . . _ T _ v
adiabatic homogeneous explosions and laminar flames, respec%\’hzreer‘]]m_e 2Z2YV§C:25 g?tcr:);)r;arno?vngf_thiﬁggﬁls_i?itvi :ng:gllx
tively, this is an equivalent representation of data. Such figures there the superscript T denotes the transpose o)f/a vect(’)r In
provide extra information, because the dominant processes inthe eneral ca?se thepre is no functional de gndence betweeﬁ the
the various temperature regions of hydrogen and methane flames 9 ! P

are known from the textbooks of combustion chemistry (see sensitivity .cogfflqenﬂme functions. Howeve.r., n_many
e.g. ref 12). chemical kinetic simulations the calculated sensitivity functions

o _— show remarkable similarities.

In the or|g|nal Leeds methane QX|dat|on mecharfgor,most Figure 2 presents the sensitivity functions of temperature and
of the reactions only the Arrhenius parameters of the forward ¢ yhe mass fractions of H and.B with respect to the pre-
reactions were given. During the simulations, the rates of the exponential parameters of all rate expressions for the adiabatic,
forward reactions were calculated from thgse Arrhenius par"?‘m'homogeneous explosion of a stoichiometric hydrogain
eters while the rates of the backward reactions were determinedy,;, re The sensitivity functions with respect to all parameters
from the forward rates and the thermodynamic equilibrium 50 qyrikingly similar. This similarity is more emphasized if the
values. Reactions handled this way are called here “revers'blefollowing ratio is derived:
reactions”. Using the program MECHMOB,all reversible
reactions were converted to pairs of irreversible reactions by Sk(®)
calculating the Arrhenius parameters of the backward reactions. iijk(t) = W 3)

This “irreversible only” mechanism resulted in concentration Sk
time curves almost identical to those of the original mechanism. Figure 3 shows the ratios; /Su,ox andson/Srx as a function

The sensitivities presented in this paper are with respect to theof temperature. In this figure and in all subsequent figures that
pre-exponential factor of the reactions. All sensitivity curves jjjystrate ratios of sensitivities, only the significant sensitivity
were calculated for both the “reversible only” and the “irrevers- fynctions are considered. A sensitivity function is considered
ible only” versions of the mechanisms. The similarity relations  sjgnificant if the absolute value of it at any temperature reaches
were alike in the two series of sensitivity calculations, but the 5o of the peak absolute sensitivity of the most sensitive
similarity of the sensitivities of the burner-stabilized flames was parameter. The single lines between 900 and 2000 K demon-
more clear for the “irreversible only” case; therefore, the strate the exact matching of 10 lines. The sensitivity functions
sensitivity results for the irreversible mechanisms are presentedof the other 36 pre-exponential factors have very small values
here. Note that when perturbing the pre-exponential factor of a at all temperatures. The calculated values of small sensitivity
reversible reaction, the thermodynamic equilibrium state remains elements have a |arge numerical error; therefore, the ratio (eq
identical, since the perturbation affects the kinetic features only, 3) for them does not agree with that of the other sensitivity
and the perturbation diminishes near the equilibrium. When pairs_ Some parameters may be ineffective, and therefore, the
perturbing the pre-exponential factor of an irreversible reaction, corresponding sensitivity elements are exactly zero. These
the pOint of equilibrium is dislocated and therefore the SensitiVity sensitivities should be excluded from the ComparisonS, even if

functions do not approach zero at the equilibrium. the exact values of sensitivities were known.
Above about 900 K there is an autocatalytic increase of the
3. Similarity of Sensitivity Functions concentration of hydrogen atom (see also Figure 1). Figure 3

) . indicates that in the case of the explosion of hydrogein
Changes of concentration and temperature in a constant-nixy\res, above this temperature the ratio of sensitivities for
pressure, spatially homogeneous reaction system can be deg, yariables is independent of the parameter perturbed. Plotting
scribed by the following initial value problem: the sensitivity ratios of a “reversible only” mechanism, the lines
do not deviate above 2000 K, showing that the reason for the

dw/dt =f,(T,w,p), w(0)= w’ (1a) high-temperature deviation of lines is the dislocation of the
equilibrium in the irreversible case.
dT/dt = f(Tw,p), TO)=T° (1b) The property of sensitivity functions that the ratio of them is

equal for any parameter will be called hdozal similarity,
because the ratig; changes with time. Another depiction of
local similarity is that at a given time any row of the sensitivity
matrix can be obtained from any other row by multiplying it
by a scalar:

whereT is temperaturef is time, w is the N-vector of mass
fractions,p is the M-vector of parameters, an®® andw?® are

the initial values of temperature and mass fractions, respectively.
The solution of the initial value problem (eq 1) means the
calculation of concentratiortime and temperaturetime curves. sT() = 4: (057 () (4)

Let Y denote the vector of variables, that¥s= (w, T) and i

accordinglyf = (fv, fr). The parameter vectqy includes the | et us now consider the ratio of the gradient of variables over
Arrhenius coefficients of reactions, the heat of formation of time:

species, and so forth.

Sensitivity analysis is the name of a family of mathematical % ®
methods that studies the relationships between information () = dt 5
flowing in and out of model$? Local sensitivity analysis is i® dy, ®)
now widely used in chemical kinetié&-17 The local sensitivity iy
coefficientsy = 9Yi/op« gives information on the effect of the
small change of the parametpg on model outputY;. The Parts a and b of Figure 4 show the ratidor the variable pairs

sensitivity coefficients constitute the first-order local sensitivity Wy, Wi,0 and won, T, respectively. The calculated’;—
matrix S = {dYi/ap} . This sensitivity matrix can be calculated temperature curves are exactly identical to the previously
by solving the following initial value problem: calculatedij—temperature curves in the temperature region
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Figure 2. Sensitivities as a function of temperature calculated for the adiabatic explosion of a stoichiometric hy@iogeinture. Note, that
seminormalized sensitivity coefficients, e.gwidd In Ac = A(dwi/dAy), are drawn to make the sensitivities of comparable magnitude. Sensitivity

coefficients belonging to (a) T, (b) H, and (c}® are plotted.

900—-2000 K. This identity was called thecaling relationof
local sensitivities by Rabitz et &* Combination of egs 4 and
5 yields

') =5—5'0 (6)

Equation 6 shows that the scaling relation implies local
similarity. However, we will show later that in some systems
local similarity for some pairs of sensitivity coefficients may
exist without the occurrence of the scaling relation.

Let us now calculate another ratio of sensitivities:

S(®)
Sm(t)

Uiklt) = (7)
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Figure 3. Ratio of sensitivity functions for two variables with respect to the same parameters for the adiabatic explosion of a stoichiometric
hydrogen-air mixture. The single line between 900 and 2000 K shows the exact matching of 10 lines. (a3Ratiox. (b) RatioSon /St k.

Figure 5 shows that the ratioxm, is not dependent on time for ~ the mass fractions of species only. Since temperature was not
a very wide range of temperatures. Rabitz ét“iad a similar a variable in this case, no temperature sensitivity could be

observation for the sensitivities of burner-stabilized flames, and calculated. Although the calculated concentratitime curves

they called this propertgelf-similarity.However, the term self-  were identical to the adiabatic explosion results, the sensitivities

similarity is widely used in another context in fractal theory; were different. At adiabatic calculations, a changed rate coef-

therefore, this notion will be calledlobal similarity in this ficient changed the heat release rate and therefore the calculated
paper. This new term emphasizes that the valugugf is temperature, which in turn changed the rate of all temperature-
constant within a wide range of the independent variable. dependent rate coefficients. If the temperatttime profile is

Simultaneous existence of local and global similarities results g, 4 changed parameter can modify the rate of other reactions
in other identities. Local similarity means that the ratio of the only via the altered concentrations. The temperattirae

sensitivities of two variables with respect to the same parameterprofile of the perturbed system will be identical to that of the

Is equal for any parameter. unperturbed one, but because enthalpy is a function of temper-
SO S ature and concentrations, the enthalpyime profile will be
e Jm 8) different.
S0 (D) Figure 6 shows the calculated sensitivities for the explosion
o of stoichiometric hydrogenair mixtures in a constrained
Rearranging it gives temperature simulation. The sensitivities of the mass fractions
of hydrogen and water are plotted. The perfect order of Figure
sk_(t) _ S1k(t) 9) 1b and c is not apparent in this figure. The curves show some
Sm(® Sl

similarity, but plotting the ratio of them according to eq 3 reveals

(see Figure 7) that the level of similarity has decreased. The

That is, the ratiQumis independent of the variable investigated sensitivity ratios for some of the parameters are nearly identical,
if local similarity is also valid. indicating local similarity of the sensitivities of these parameters.
In constrained temperature explosion simulations, the initial Figure 7 also presents the ratio of the production rates of the
value problem (eq 1a) was solved and the variables included hydrogen atom and water. It is clear that the scaling relation is

= /ukm(t)
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sensitivity coefficients (cf. Figure 3).
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valid for none of the sensitivity ratios in this case. Global The sensitivity matrices can be calculated by solving the
similarity was also checked for the constrained temperature following equation:
explosion simulations. Global similarity is not valid at any
temperature range for the sensitivities of the hydrogen atom
(Figure 8a). The ratios of water sensitivities are constant in the
temperature range 96400 K (Figure 8b), but the reason is
that the originaj sensitivities were also independent of temper- For the simulation of burner-stabilized ﬂames, the temperature
ature in this region (see Figure 6b). profile has no fixed point, but the mass flow rate is fixed and
In most real-life chemical kinetic systems concentrations and independent of parameters. For freely propagating flames, the
temperature are spatially inhomogeneous and the change of theniiame speed and therefore the mass flow rate changes with
can be described by an appropriate system of partial differential Parameters, but the location of the reference temperature point
equations (PDEs). Probably the most frequently simulated 1D is fixed. This is the reason the sensitivity functions are different
reaction-diffusion systems are stationary premixed laminar for these two types of flames, as is clear from the comparison
flames. It is possible to create and investigate siatflames ~ ©Of parts a and b of Figures-a1. Not only the shapes are
in the laboratory, and the measured temperature and concentradifferent, but also the sensitivities of the freely propagating
tion profiles can be compared with the simulation results. The flames are much smaller than those of the burner-stabilized

general form of the corresponding PDEs is given by flames. Local simil_arity and the scaling relatio_n are shown in
parts a and b of Figure 12 for freely propagating and burner-

stabilized adiabatic flames, respectively. Neither similarity
appears in the case of freely propagating flames, but for burner-
wherelL is a second-order differential operator. The detailed stabilized flames for a group of parameters the scaling relation
description of operatoL for laminar flames and the corre- (and therefore local similarity) is valid.

sponding boundary conditions can be found in many articles In constrained temperature flame simulations the calculated
(see e.g. refs 2, 5, and 11), and they are not reproduced herespecies concentration profiles are identical to those of the

0=JS+F (11)

whereJ = 9L/3Y andF = dL/dp.

L(Y,p)=0 (20)



2222 J. Phys. Chem. A, Vol. 107, No. 13, 2003 Zsdy et al.

a 1.0
0.8
0.6 - T
0.4
_ 024
o« -
T
v 0.0
- i
_© 0.2
" i
0.4
-0.6

T—%

-0.8

o r-r—
800 1000 1200 1400 1600 1800 2000 2200
TIK
b 10
0.8
0.6
0.4 J
5 021
O« 1
_T 0.0
) i
-
<« -0.2-
o, ]
I
w 0.4
-0.6
-0.8
-1.0

T T T T T T T T T T T T T T T
800 1000 1200 1400 1600 1800 2000 2200
T/IK
Figure 5. Ratio of sensitivity functions for the mass fractions of hydrogen and water with respect to two parameters as a function of temperature
for adiabatic explosion of a stoichiometric hydrogeair mixture. Here and in all the subsequent figuesndicates a seminormalized sensitivity
coefficient, e.g.s, = dwu/d In Ac = A(dwn/dAy). (a) Ratios, /s, 35; (0) ratios, o /s, o 51- Parameter 31 is the preexponential factor of reaction
H + HO, — 20H. In part a the small peaks appeared where both original sensitivity functions passed through zero.

adiabatic flames, but the sensitivities are different for reasons explosion. The plots demonstrate that local and global similarity

similar to those described for explosions. Figure 13 shows thatare also present in this model, although it has many more

local similarity and the scaling relation are not valid for variables and parameters.

constrained temperature freely propagating and burner-stabilized

flames. For adiabatic flames, global similarity is checked by 4. Previous Results on the Similarity of Sensitivities

plotting the ratio of water sensitivities in parts a and b of Figures )

14 for freely propagating and burner-stabilized flames, respec- Reuven et at.developed a computer code for the calculation

tively. Similar plots are provided in Figures 15 for constrained Of local sensitivities of stationary two-point boundary value

temperature flames. Of these four cases, only adiabatic burnerProblems. They tested the code on a simple model of 1D laminar

stabilized flames show global similarity for some parameters, flames for both burner-stabilized and freely propagating condi-

but only at temperatures below 1400 K. tions. The chemistry m_cluded two first-order steps and three
The results of numerical experiments on models of hydregen species: areactant, an intermediate, and a product. The program

. busti b ed in the followi - Th calculated temperature, the concentrations of the three species,
arcompustion can be summarized in the following way- €% their local sensitivities, and also the elements of the Green’s

is perfect chal similgrity, scaling relatiqn, and global similarity function matrix. The meaning of the Green'’s function is to be
for adiabatic explosions only. Constrained temperature explo- giqossed in detail in section 6. In the burner-stabilized flame

;ions shoyv local similarity for some p_aramete_rs_,. Scaling_relati_on calculations of Reuven et dl.the sensitivity curves of each
is not valid even for these sensitivity coefficients. Adiabatic 4riaple with respect to all parameters as a function of distance
burner-stabilized flames show all three types of similarity, but \yare found to be very similar to each other. The Green’s

only for some parameters. No similarity was found for any freely fynction elements changed little with the location of perturbation
propagating flames and for constrained temperature burner-y anq were primarily determined by the temperature at position

stabilized flames. x. Therefore, they concluded that “the effect of parameter
These similarity relations are not features of the hydrogen variations is channeled through the temperature in the present
combustion only. Figure 16 shows the valuestipand um as model”, and this is the reason for the similarity of sensitivity

a function of temperature calculated for adiabatic methaie distance functions. In accordance, in freely propagating flame
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Figure 7. Ratio of sensitivity functions/s+,0x for the constrained temperature explosion of a stoichiometric hydregiemixture. Also, the
ratio of the corresponding production ratesvitlt)/(dwn,o/dt) is plotted using a dashed line.

calculations not only was the sensitivity of calculated temper- They claimed that all results referred to freely propagating
ature zero at the point of the reference temperature but also theflames (see p 296), but in a later publication they clarified (ref
sensitivities of all other variables were also very small. 5, p 273) that the calculated sensitivities had belonged to
As a next step, Reuven et @lapplied the code for the adiabatic burner-stabilized flames. The temperature sensitivity
calculation of sensitivities of premixed hydrogeair flames. distance curves for the rate and diffusion coefficients were very
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Figure 8. Ratio of sensitivity functions for the mass fractions of hydrogen and water with respect to two parameters as a function of temperature

for constrained temperature explosion of a stoichiometric hydregérmixture. (a) Ratios, /s, 5. (b) Ratios), o/s, o o Parameters 3 and 9 are
the pre-exponential factors of reactions H OH — H,O + H and Q + H — OH + O, respectively.

similar to each other. The similarity was also present but was tion of the kinetic data, one has to keep in mind that in the two
not so uniform for the H® sensitivity profiles. They also  cases different reactions are important for the reproduction of
calculated sensitivity functions for constrained temperature experimental values.
flames and claimed that “such a constrained calculation disal- The article of Rabitz and Smookwas the first theoretical
lows the response of the species to parameter variations to bepaper on the similarity of sensitivity functions. They claimed
controlled by the temperature”. These constrained temperaturethat the onset of scaling relation and global similarity could be
calculations produced less similar b€ensitivity curves with explained by assuming that there is a sirgpeninantvariable
respect to all parameters. For further theoretical explanation onin the system. A dominant variable has the following proper-
similarity, they referred to the forthcoming Rabitdmooke ties: changing the value of the dominant variable changes the
paper? values of all other variables, but perturbation of the value of a
An article about the application of the céder a CO/H/O, nondominant variable does not change directly the value of
flame appeared in 1994, but most of the calculations seem toanother nondominant variable. However, such a perturbation
be completed earlier (see reference (Mishra et al., 1986) in articlechanges the value of the dominant variable and it changes the
2 and refs 5 and 46 in articles 4 and 5, respectively). Mishra et values of other variables. For example, temperature is a
al. simulated a burner-stabilized wet carbon monoxide flame dominant variable in adiabatic combustion systems, because
and plotted the sensitivity of the CO mole fraction with respect temperature “enters the problem exponentially whereas all other
to the pre-exponential factors and the diffusion coefficients. The dependent variables (i.e., species) enter linearly or quadratically”
figures demonstrated the global similarity of the curves. Mishra (ref 3, p 250).
et al. also reported the scaling relation to be valid. The According to Rabitz and SmooKefunctional dependence
calculations were repeated with a constrained temperaturebetween the dominant variable and the other variables can be
profile, and they concluded that “the loss of self-similarity described in the following way:
behavior and lessening of the sensitivity to the reactions ...
underscores the dominant role of temperature”. They also noted Yi(zp) = Fi(Y1(zp)) (12)
that laboratory flames are simulated either with calculated
temperature profiles or using a fixed, experimentally measured whereY; is the dominant dependent variabkg,is a function
temperature profile, and they stated that, to avoid misinterpreta-which is not dependent directly anand p, Y; is any other
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Figure 9. Sensitivities of temperature calculated for adiabatic stoichiometric hydregjeflames: (a) freely propagating and (b) burner-stabilized
laminar flames.

variable, andz is the single independent variable (time or “nearly invariant tax on significant flame range”. Interestingly,
distance). In our opinion, eq % notrelated to the presence of the authors mentioned (p 1118) that the similarity of sensitivity
a dominant variable, because it contains no information about functions may be related to central manifold theory, but they
the consequence of variable perturbations. It only states thatdid not follow this path.
the value ofY; defines the values of all other variables. Onthe  All numerical examples in article 4 were related to stationary
basis of eq 12, Rabitz and Smodk®oved the validity of the laminar flames, and this raises the question if sensitivity
scaling relation for both the Green’s and the sensitivity functions. functions calculated for models of homogeneous explosions
Note, that Rabitz et al. published another arfitten the study reveal similarity. Vajda et &l. investigated this topic by
of the similarity of Green’s functions. Rabitz also discussed the comparing sensitivity functions of models of adiabatic explo-
similarity of sensitivities in a review article on systems sions and laminar flames of stoichiometric hydrogeir
analysist® He later demonstratétthat the scaling relation of  mixtures. Temperature sensitivities of adiabatic explosions
sensitivity functions could be obtained without the prior exhibited some global similarity, but no similarity was observed
calculation of the Green’s function matrix. In the resulting for the sensitivity of species. Existence of scaling relation was
equations for the scaling relation, the varialfledoes not have  not investigated. The global similarity of the sensitivity functions
a unique role, which also questions the interpretatioiY;ods of burner-stabilized laminar flames was reproduced. They
a dominant variable in eq 12. We consider that the mathematicalconcluded that “though the temperature is known to be a
proof of Rabitz and Smooke is valid, but an entirely different dominant variable in combustion processes, we show that only
interpretation of their derivation will be given in the next section. the simultaneous effects of thermal and transport phenomena
In the remaining part of the RabitSmooke paper, global  change the form of the sensitivity functions significantly, leading
similarity was derived from the scaling relation by making to their self-similarity” (p 271). Figures 2 and 5 of this paper
assumptions about the structure of the Green’s function. This demonstrate that all sensitivity functions of models of the
derivation implied that a condition of global similarity is the adiabatic hydrogenair explosion show perfect global similarity.
existence of scaling relation. The numerical examples were takenWe repeated the calculations of Vajda et®alsing their
from articles 13, and the percentage error of the scaling mechanism and initial conditions; the calculated sensitivity
relation was calculated. The typical error was about 6%. Global functions showed perfect global similarity. Most likely the
similarity was not demonstrated by plotting the ratio of eq 7, reason for the observed lack of similarity was having some
but the authors stated (p 1117) that the ratios investigated werenumerical difficulties in their calculations. However, as a
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Figure 10. Sensitivities of H mass fraction calculated for adiabatic stoichiometric hydregierilames: (a) freely propagating and (b) burner-
stabilized laminar flames.

consequence, until now nobody investigated the similarity of general, the local time scales of models can be identified by
sensitivity functions of homogeneous kinetic systems. the eigenvalueeigenvector analysis of the Jacobian. This way
Vajda and Rabitzinvestigated thermal explosions modeled n modes are related to a model mf/ariables and each mode
by a single stemth-order, exothermic reaction. The model had has a local time scale, which may be different at another point
two variables: temperature and the reactant concentration.of the variable space. If a mode is much slower than the time
Sensitivities with respect to the model parameters were calcu-scale of our interest, it appears to be frozen. If a mode is much
lated, and global similarity was observed for parameter sets faster than our time scale, it causes algebraic relations among
where the model simulated thermal runaway. The authors statedthe variables. Lam and Gous%is?4 built up a comprehensive
that the onset of global similarity could be explained if the model kinetic analysis method based on the eigenvakigenvector
has two properties: temperature is a dominant variable, andanalysis of the Jacobian. They called the very slow modes
the sensitivity equations are pseudohomogeneous in a time(characterized by small absolute values of eigenvali@shant
window. The reasoning referred to their two-variable model, modesand the very fast modes (characterized by large negative
and |t will be inVeStigated, eXtended, and modified in section 6 eigenva|ues)exhausted modesThe classical Simp”ﬁcation
of this paper. procedures in chemical kinetics are examples of intuitive
applications of different time scales: the pool concentration
approximation is related to dormant modes, while fast equilib-
Mathematical models usually describe the cooperation of rium and quasi-steady-state approximations are related to the
several physical processes, and these processes may have veBxhausted modes. Roussel and Fr&séwvestigated small
different time scales. In chemical kinetics, this property was €nzyme kinetic systems and stated that the existence of very
first met by Bodensteif® who applied the quasi-steady-state different time scales causes the trajectory of the solution to move
approximation (QSSA) for the approximate analytical solution on slow manifolds. Approaching the equilibrium point, the
of systems of kinetic differential equations. An account of the dimension of the manifold the trajectory moves on gradually
history of the theoretical investigations of the QSSA was given decreases. In a dynamical systermofariables the degree of
in ref 21. Applicability of the QSSA is related to the stiffness freedom of movement is originally, < n, after deducing the
of the kinetic ordinary differential equations (ODESs), which is conservation relations (like element conservations in closed
caused by the very different eigenvalues of the Jacobian. In systems) and the extremely slow dormant modes. Therefore,

5. Origin of Scaling Relation and Local Similarity
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Figure 11. Sensitivities of HO mass fraction calculated for adiabatic stoichiometric hydregénflames: (a) freely propagating and (b) burner-
stabilized laminar flames.

the trajectory originally moves on an-dimensional manifold, enthalpy of the gas were fixed. Buet al3! also successfully
but as time advances, more and more modes become exhaustesimulated hydrogenair explosions assuming that the trajectory
and finally the trajectory moves close to a two-dimensional moves close to a curved (1D) line.
surface (curved plate), then moves close to a one-dimensional In the description of slow manifolds, there are no distin-
curve, and finally arrives at the zero-dimensional equilibrium guished variables: the manifolds can locally be parametrized
point if it exists. If the model is not required to describe the by any nonconstant variable; global parametrization is possible
dynamics of the system at early times, a low-dimensional model by using continuously increasing variables, like water concen-
(that is a model having few variables) provides an accurate tration in most combustion systems. If the element composition
description of the long-term dynamics. It is also possible that is fixed, the one-dimensional manifold (curve) belongs to a fixed
of the many modes only one coincides with our time scale; all enthalpy and another enthalpy invokes another curve.
other modes are either exhausted or dormant. In this case, the The scaling relationcan be explained on the basis of two
many-variable model can be replaced by an appropriate modelassumptions: (i) the dynamical behavior of the system is
having a single variable only. controlled by a one-dimensional slow manifold in the space of
Maas and Popé 28 elaborated algorithms and computer Variables; (i) an infinitesimal change of a parameter changes
codes for the approximate numerical calculation of slow the velocity of the movement on the manifold but negligibly
manifolds. A recent comparison of the method of Maas and dlsloca_tes the manifold. Th_e proof below uses the dgrlvatlon
Pope with that of Roussel and Fraser was given in ref 29. Maas©f Rabitz and Smooke;’but in the context of slow manifolds.
and Pope also studied the existence of manifolds in several L€t the one-dimensional manifold be defined by vector
combustion models and generated reduced models having fewfunctionF.
variables only. They found that, at the adiabatic explosion of a
CO—H,—air mixture in a closed adiabatic vessel, after a very Yi(zp) = Fi(Yy(zp)) (13)
short time the trajectory moves close to a two-dimensional shell,
then approaches a curve, and finally ends up at the equilibrium F; defines the value of any variabl as a function of the
point. Eggels and de Go#studied hydrogenair combustion arbitrarily selected parametrizing variablg The letterz denotes
models and found that they could be described by a one-the single independent variable (time or distance). The dif-
dimensional manifold, if the element composition and the ferential equations of the kinetic system are autonomous;
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Figure 12. Ratios S y/St,0x and (dwva/dx)/(dwy,o/dx) for adiabatic stoichiometric hydrogefair flames: (a) freely propagating and (b) burner-
stabilized laminar flames.

therefore,F; does not depend directly on Also, it can be sensitivity matrix can be obtained from any single row.
assumed that a small change of parameters negligibly dislocatesConsequently, the rank of the sensitivity matrix is one.

the manifold; therefore, the functidfi does not depend directly In a similar way it can be shown that the dimension of the
on p. Differentiating eq 13 with respect togives slow manifold determines the rank of the sensitivity matrix. An
n-dimensional slow manifold can be parametrizechlwariables
aYi(zp) _ 9F; 3Yy(zp) 14 for all variablesi = 1, ..., N + 1).
éz Y, oz (14)

YI(Zip) = Fi(Yl(Z!p)IYZ(Z!p)v'--vYn(va)) (17)
while differentiating eq 13 with respect to any parameier

yields Differentiating it with respect t;:
g (e (o
ap, aY,  op ap, \dYy/\dp, aY>/\ op; aYy/\ 9P,

Combining the two gives a scaling relation: The multiplicative factor9Fi/aY1, aFi/dY-, ... are the same for
all parameters; therefore

(2 (2 v (8Y1)—1

Py ap 9z \ oz (16) § =S S ot s, (19)
This equation is valid for both temporal and 1D stationary Therefore, the existence of amdimensional slow manifold
systems and can easily be converted to other forms, given ininvokes that the rank of the corresponding local sensitivity
egs 6 and 8, that do not contain the variable This also matrix is not greater tham, if the location of the manifold
supports the claim that in eq 13 selection of the variafilées negligibly changes in the space of variables for small parameter
not unique. Equation 16 means that all other rows of the perturbations.
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If local similarity exists for all pairs of sensitivity vectors, by a long integration, the perturbed system will be close to point
then any sensitivity vector can be obtained by multiplying any C but at a differentC' location on the manifold. The direction
other nonzero sensitivity vector by a scalar (see eq 4). This is of vectorCC’ is also along the manifold for any paramepgr
equivalent to the statement that the rank of the sensitivity matrix perturbed; only the length of the vector will be different. Also,
is one. If the rank of the sensitivity matrix i it might mean  this direction will be identical for all sensitivity vectoy/
that local similarity is valid for none of the pairs of the sensitivity g, Projections of this vector onto the axes will p&Y:/apy,
vectors. The other possible extreme is that eq 4 is valid for all AYo/9py, ..., IYn/dpd}. If the directions of two vectors of any
sensitivity vectors but. This can be the reason why, for |ength are identical, the ratios of the projections to any two axes
example, for constrained temperature hydrogen explosions localijj a1so be identical. This explains the observed scaling relation,
similarity is valid for some of the parameters. why any sensitivity vector can be obtained by multiplying any

Relation of the dimension of slow manifolds with the scaling gther sensitivity vector by a scalar (eq 4), and why the ratio of

relation, local similarity, and the rank of the local sensitivity any pair of sensitivities is identical to the ratio of the corre-
matrix can be justified also on the basis a geometrical descrip- sponding production rates (eq 6).

tion. Figure 17a is a schematic representation of a one- Th thal fth tem | d duri diabati
dimensional manifold. The space of variables is 10-dimensional € enthalpy of the systém IS preserved during an adiabatic

in the case of a hydrogerair explosion (9 species and simlulat.ion, even if the mechanigm was modififed by perturbing
temperature), but the schematic figure shows 3 axes only. Point? kinetic parameter. However, in the constrained temperature
C represents the actual status of the system Bpds the simulations only the unperturbed system maintains the nominal
equilibrium point that belongs to enthalpy. The system moves enthalpy. Assume that the enthalpy of the unperturbed system
with velocity vectorY in the variable space. Projections of the is ho, but because the perturbation modifies the concentrations
velocity vector on the axes are the right-hand sides of eqs 1, but does not adjust the temperature accordingly, the perturbed
which correspond to the production rates in chemical kinetics. system has a slightly different enthalpy at tim&he perturbed
The direction of the velocity vector is identical to the local system will be at poiniC' on a different 1D manifold that
direction of the manifold. If parametgx is changed infinitesi- ~ belongs to enthalply. Perturbing another parameter will result
mally, it only negligibly shifts the location of the manifold. in another stat€", having yet another enthalpy (see Figure
However, since the location of the system at tini® obtained 15c). The consequence is that constrained temperature calcula-
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Figure 14. Ratio %zo,k/%o,m for adiabatic stoichiometric hydrogemir flames: (a) freely propagating and (b) burner-stabilized laminar flames.

tions result in sensitivities that cannot be characterized by scalingthese are basically controlled by the slow manifold, determined

relation. by the chemical reactions, and perturbed by the diffusion of
If the dimension of the manifold is two, any rows of the species and heat. Consider the concentrations in a 1D laminar

sensitivity matrix can be obtained as a linear combination of flame as a curve in the space of variables, which is spanned

two independent sensitivity vectors: between the points of the cold and hot boundary states. This
curve practically coincides with the 1D manifold of hydrogen
ST(t) = iij(t) qT(t) + 2, () sT(t) (20) air combustion above the temperature where the effect of

chemical reactions is faster than that of diffusion, as is

In this case, the velocity vector and the sensitivity vectors all démonstrated in Figure 1. As previously, assume that the
fit onto a plane (see part d of Figure 17). location of the curve in the space of variables does not change

The rank of a square matrix is equal to the number of its Significantly due to an infinitesimal parameter perturbation. Let
nonzero eigenvalues, and the rank of a nonsquare nitiis this curve be parametrized by physical distance. In burner-
equal to the number of nonzero eigenvalues of mautiM . stabilized flames, changing a parameter changes the distance
The sensitivity matrixes are calculated with numerical error; Of the point of a given composition from the burner surface;
therefore, only an approximate rank can be calculated. Figurethatis, it changes the parametrization of the curve with distance.
18 shows the eigenvalues of ti85S matrixes calculated for ~ Then, reasoning similar to the case of homogeneous explosion

adiabatic and constrained temperature hydregenexplosion. explains the existence of the local similarity and scaling relation
In the case of the adiabatic explosion the sensitivity functions in burner-stabilized flames. However, due to the presence of
are very similar; therefore, one of the eigenvalues tstaQ diffusion, the sensitivities of burner-stabilized flames are

times larger than the second largest, and the rank of theexpected to be less similar compared to those of the homoge-
sensitivity matrix is approximately one. In the case of con- neous explosions. In freely propagating flames, distance is
strained temperature hydrogen explosion there are six eigen-measured from a point of the flame having the reference
values of similar magnitude, followed by a large gap. The rank temperature. Perturbation changes the flame speed, and therefore
of this sensitivity matrix is approximately six in a wide range the distance between the point of reference temperature and the
of the independent variable. other points of the flame does not change significantly. Conse-
Maas and Popé demonstrated that concentratiedistance quently, local similarity and scaling relation cannot be observed
profiles in laminar flames can be calculated by assuming that among the sensitivity functions of freely propagating flames.
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Note that initial value sensitivities cannot be used for the An alternative way is the calculation of the sensitivities via the
investigation of manifolds. If an initial concentration is changed, Green’s function matrix:
it changes the enthalpy of the mixture and the element
composition; therefore, the solution will run on a parallel 9y ) of
manifold that the original system can never access. —({) = f G(t,t') —(t) dt’ (23)
P 0 9Pk

6. Origin of Global Similarity

Vajda and Rabifzhave suggested that a necessary condition The Green's functions can be obtained by solving the following
of global similarity is the pseudohomogeneity of the sensitivity initial value problem:
differential equations and demonstrated it on the example of a
single reaction step model of thermal explosion having two
variables. Their derivation is extended and developed further d G(tt) = o t) G(tt), Gt t)=1I (24)
in this section. da "7 Y n ’

Consider first a spatially homogeneous, purely temporal
system. The time history of the variables can be computed by

solving the initial value problem wherel is the (N + 1) x (N + 1) unit matrix andG(t,t") is the

(N + 1) x (N + 1) Green’s function matrix. An element of
dy this matrix shows how the perturbationgfat timet’ influences

i f(Y,p), Y©O)=Y° (21) Y; at timet.

whereY is the (N + 1)-vector of variables anglis theM-vector ) aY;(t)
of parameters. Local sensitivities with respectpgocan be gij(t’t) = 8Y°(t’)
calculated by solving the following initial value problem: i

(25)

day _ of ay , of ﬂ(o):o (22) Let us calculate now the sensitivity of variable vectér

dtop, Y op,  op Py separately for time intervals (@;) and ¢, t) using identity
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G(tt)= G(t,ty) G(t,t'): sensitivities of any pair of variables is independent of the
parameter perturbed. Select an arbitrary varildad substitute
ﬂ(t) = oth(t t,) G(t,t") %(t') dt' + the local similarity relatiordy;/apx = Ajn(dyn/opx) into eq 28:
; 5f 3yi 3y N+1
JLB(th) B(tt) ) o (26) o 0" 5 ® Zg.,(t 1) Aty (29)

Assume thabf/apx ~ 0 in the time interval {, t) and therefore that is
the second term on the right-hand side of eq 26 can be neglected.

The existence of the teraf/dpx makes the sensitivity differential ay, oYy N+1
equation (eq 22) inhomogeneous. If this vector is nearly zero, (— (t))l( (t1)) Zgu (tty) Ajn(ty) (30)
then eq 22 is called pseudohomogeneous. M&iixt;) is not Pk

a function of the variable of integratiory therefore, for any

Let us make a similar expression for another paramater

t>1
ay. Vi N+1
3Y — 1y r af ] r I
a—pk(t) =G(ty) [, G(tl,t)a—pk(t)dt G(t, tl) e (tl) (@ (t))/(a— (tl)) Zg.,(t 1) An(ty) (31)

(27)
The right-hand sides of eqs 30 and 31 are equal, and the

Accordingly, sensitivity of variablé with respect to parameter o : .
gy, y P P combination of the two equations gives

k can be calculated by

Wy
dy. N+1 —(t
o, 07 267 g (tl) (28) 8'°k() _in® = (32)

0
2 a—g“ (t)

If local similarity exists at timet;, then the ratio of the 8pm
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(production rates in chemical kinetics). (b) DBtrepresents the actual status of the system, an€dist the status of the system when parameter

pi has been infinitesimally perturbed. Because movement is possible only on the locally linear 1D manifold, the directions of th¥ VEGors
andaY/dpx are identical, and therefore the ratios of the coordinates of these vectors are identical for any paii ehdfesd for any parameter

k. (c) Bunch of one-dimensional manifolds in the space of variables belonging to enthalpiesandh,. If the parameter perturbation changes

the enthalpy, the directions of vecta#¥/dpx are different for different parameteps. (d) Two-dimensional manifold in the space of variables,
belonging to enthalpy,. Dot C represents the actual status of the system, vetisrthe velocity of movement of the actual state, and @#tnd

C' belong to perturbed parameter solutions with preserved enthalpy. The directions of the velocity and the sensitivity vectors no longer coincide,
but they all fit onto a plane.

Equation 32 shows that the ratio of the two sensitivity %(I)Zgih(t!tl)%(t ) (34)
coefficients at any timeé > t; is independent of variableand P P

time; that is, the sensitivity functions are globally similar. The
summary of eqs 2632 is that if the system of sensitivity
differential equations is pseudohomogeneous in time interva

Applying it for another parametan and combining the two
| equations gives

(t1, t2) and if local similarity exists at timg, then the sensitivity ay, Ay,
functions are globally similar in the time interval,(ty). % ® % (t,)
The reasoning above is different from the derivation of Vajda p = ak— = Um (35)
and RabitZ Their derivation, if generalized to arbitrary number M ® Ph (t)
of variables, is identical until eq 28. Vajda and Rabitz then P ap

assumed that one of the variables is dominant. Let variable

be dominant, which means that on the right-hand side of eq 28 That is, a result identical to that of the previous reasoning was

obtained. Ratiqum is independent of variable therefore, eq

35 means not only the existence of global similarity but also
dj the existence of local similarity. Derivation of eqs-283 and

gii(t'tl)a_(tl) (33) 33—35 can be summarized that if the system of sensitivity
P differential equations is pseudohomogeneous and if a single

dominant variable exists in the time intervd, (), then the
Consequently, all terms but that of the dominant variable can sensitivity functions show both global and local similarity in
be neglected in eq 28: the time intervalt, t,). Vajda and Rabifzdemonstrated in their

N+1

W
Oin(tt) — (t) >
9Py j=TF=h
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air explosion.

two-variable system that temperature is the dominant variable Figure 19 shows that, in the window of global similarity in the

over the fuel concentration. system of sensitivity differential equations, the inhomogeneous
Every assumption of both derivations was checked numeri- term is negligible besides the homogeneous term; therefore, eq

cally on the example of adiabatic hydrogesir explosion. 22 is pseudohomogeneous. This was a necessary condition in
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both derivations. Previously, the local sensitivities were calcu- a
lated by the program SENKIN, which solves the sensitivity z
differential equations (eqs 22). Using a purpose written code, HO,
the Green'’s function matrix was calculated, and the sensitivities

in temperature range 1006@000 K were calculated in an
entirely different way, using eq 27. The sensitivities calculated

in the two ways agreed with good accuracy, which is not only

a validation of eq 27 but also a successful test of both the
sensitivity and Green'’s function matrix calculations. Therefore,

all conditions of the first derivation were justified. In the next
step, validity of eq 33 was tested. In Figure 20, the terms of eq
28 are compared. At none of the conditions investigated was
the term belonging to temperature dominant over all other terms.

In general, the terms belonging to radical concentrations were
of similar importance to that of temperature. This indicates that
temperature is not a dominantariable in the adiabatic
hydrogen-air explosion system in the sense of eq 33. Conse- b

-50000 0 50000 100000 150000 200000

. ay.
g7 (0, 1,) (1))
ép

il

quently, the origin of global similarity cannot be explained by N,
assuming that temperature is a dominant variable in the HO,
hydrogen combustion system. This statement is likely also valid HO

for other combustion systems.
The derivation of global similarity for spatially one-
dimensional stationary systems is similar, but not identical. Due

to causality, in temporal systems perturbations have an influence H,
on later events only. In 1D stationary systems, perturbation of o,
parameters or variables at any position may have an influence T
on the values of variables at any other position due to the H
presence of diffusion. HO
Let the system be described by the following system of partial 2
differential equations: T
-10 0 10 20 30 40 50
L(Y,p) :O (36) gﬂ;f)f(;,(l)_?y" UI)
wherelL is a second-order differential operator. The independent ¢
variable spans the range [Q]. Knowing the boundary condi- N,
tions, the spatial profiles of dependent variables can be calcu- "%
lated, and the sensitivity matrix functions are obtained by solving ~ H.0,
the following equations: OH
H,0
o=l aY oL @)
aY P 9Py ’
o}
An alternative way is the calculation of the sensitivities via the T
Green'’s function matrix: H,
T
()—ﬁ,e(xx) o) & (38) H

The Green'’s functions can be obtained by solving the following
initial value problem:
Figure 20. Comparison of the main terms of eq 28 in the calculation
7 (9500 +106x ), XX =1 (39 :1:;2:ffsafgzvgh";;fggf:;ﬂiméz;nz?‘:;r:zzzz;zaf;'m;;ﬁ ©
temperatures 1200 and 1400 K, respectively. The contribution denoted
whered(x — X') is the Dirac delta functior, is the (N + 1) x by T belongs to the term calculated from temperature sensitivity. The
(N + 1) unit matrix, andG(x,X) is the (N + 1) x (N + 1) line denoted by Trepresents the sum of all terms minus the term of
Green'’s function matrix. An element of this matrix shows the emperature .Serl‘s't""ty' Thﬁ bf?‘rsl vk t.emlperat“re. IS an
change of the value of variabé at distancex if the flux oJ ;:ngortant vgrlab (Ia, put not the single dominant variable for adiabatic
perturbs the value of; at distancex'. yerogen-air explosions.

X G(x,A) G(AX X) dx +
(x) @) ()fo()()()

J fAG(xx) (x)dx +f G(x,B) G(Bx) (x)dx’ (41)
Let's calculate now the sensitivities separately for intervals (0,

A), (A, B), and B, C) and use the identitie&G(x,x') = G(x,A)
G(AX) andG(x,xX) = G(x,B) G(B,xX) Assume thabL/dpx ~ 0 in spatial interval A, B).
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(x) LG(XA)G(AX) (x)dx+

nOL o
fB G(x,B) G(BX) . (X) dx' (42)

Y
8_pk(x) G(xA)LG(Ax) (x)dx—l—

G(xB)j‘; G(Bx) (x)dx (43)

Y 0 — oo Y oY
i, 00 = GA) S (W) + G(xB) 5 (B)  (44)
As before,

N+1 N+1

ay;

—(X) Zg.,(x A)—(A) + Zg”(x B) (B) (45)
If local similarity exists at distance& and B, thenay;/dpx =
Ain(dyn/dpy) for any arbitrarily selected variable
ayi ayj N+1 ayj N+1
— (0 =—=A) ) g(xA) 44(A) + —(B) ) g;(xB) 4
o 9Py IZ ' : 9Py IZ ' :

(B) (46)

Unlike in temporal systems, global similarity will not be noticed

if both neighboring regions have influence on the pseudohomo-

Zsdy et al.

Due to the global similarity of sensitivities, changing a single
parameter can tune back all concentration profiles simulta-
neously. In this case the pre-exponential factor of the reaction
H + HO, — 20H was increased by 0.5%.

In the case of empirical models, the only task of the model
is to provide a good description of the observations. The
presence of global similarity means that different parameter sets
can provide the same simulation results. In the case of physical
models, all parameters are assumed to have a “true” value.
Perfect agreement between the experimental and the simulation
results for all variables in a wide range of time (distance) is
usually considered to be a proof that all used parameters are
correct. Existence of global similarity means that if the values
of some of the parameters are wrong, it can be fully masked by
other parameters being also incorrect. If a physical parameter
is determined in such a system by fitting to experimental data,
error in the fixed parameter values causes the determined
parameter to become erroneous. However, the fitted model
perfectly reproduces all the experimental data, even if the values
of several variables are measured at several time points
(distances).

In the case of chemical kinetic models, existence of the
similarity of sensitivity functions seems commonplace. This can
be the reason complex reaction mechanisms can reproduce all
available bulk experimental data by tuning only a few rate
parameters. Also, very different reaction mechanisms exist in
the literature that describe the same set of experimental data
with a similar level of accuracy. This observation has been noted
in the case of methane oxidation mechanisamsl mechanisms

geneous region. In the case of flames, in the postflame regionfor NO, chemistry in flame$?2

the variables are not very sensitive to the perturbation of rate

In this paper, similarity of sensitivities was discussed in

parameters. Global similarity can be obtained if one of the terms conjunction with chemical kinetic models. However, all deriva-
on the right-hand side of eq 46 is neglected. Steps similar to tions and statements are valid for any mathematical model,

the temporal case lead to

, Yh
. (X) o (A)

= Hkm (47)

ay,
P ) apm (A)

Equation 47 shows that the ratios of sensitivisgands, are
independent of variablieand distance; therefore, the sensitivity
functions are globally and locally similar. The presence of

diffusion means that perturbation of parameters in both intervals

(0, A) and B, C) may have an effect on the value of variables
in interval (A, B) and, therefore, weaken global similarity

compared to the purely temporal case. If the system of sensitivity

described by differential equations.

Smith and Szathimg3 have called attention to the similarity
between flames and living organisms. Both consume food (fuel),
transform it, and emit the end products. Laminar flames and
living organisms both have complex self-stabilizing internal
structures. Living organisms have to be robust, which means
that even if some of the parameters (e.g. temperature, pH, salt
concentration) change, the destabilizing effect has to be
compensated in such a way that the valuesalbfcritical
variables are restored simultaneoualgrywherein the spatial
domain of the living organism by changing a few internal
parameters only. The explanation of the origin of global
similarity in flames and other chemical kinetic systems may be
used for models of the regulatory systems of living organisms
to understand their remarkable robustness.

differential equations is pseudohomogeneous in distance interval

(A, B), if local similarity exists at any side of this interval, and
if the influence of parameter perturbation on the other side on
variables in interval 4, B) is negligible, then the sensitivity
functions in this interval become globally and locally similar.

7. Importance of the Similarity of Sensitivities

Global similarity of sensitivity functions means that the effect

8. Conclusions

Most simulation programs in reaction kinetics calculate local
sensitivity coefficientsi(t) = { aYi/dpi}, which show the change
of model resulty; at timet if parameterp has slightly been
changed. In the case of a general mathematical model, no
relation is expected between the rows and columns of the
sensitivity matrixS at any time. However, in some systems the

of the simultaneous change of several parameters can be fullyfollowing similarities were observed: (i) Fdocal similarity,

compensatefbr all variables in a wide range of the indepen-

the valued;(t) = s(t)/sk(t) depends on time and the model

dent variable by changing a single parameter. Figure 21 showsresultsY; and Y; selected, but is independent of parameger

the result of a numerical experiment. First, concentration profiles
of H and HO were calculated in adiabatic explosion of a
stoichiometric hydrogenair mixture. Then, pre-exponential
factors of four reactions &+ H+ M — HO, + M, H + HO,
—Hy;+ 0 O, + H— OH + O, and HO + H — H; + OH)

perturbed. (i) Foriscaling relation the ratioYi(t)/Y;(t) = sk(t)/
sk(t) holds at any time and for any paramepgr The existence

of a scaling relation means the presence of local similarity, but
local similarity may exist without scaling relation. (iii) For
global similarity, the valueuy = sk(t)/si(t) is independent of

were increased by 1%, which changed the concentration profiles.time (within an interval) and the model output studied.
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Figure 21. Simulation of parameter estimation in a system having global similarity. Calculated mass frdttiercurves of species H and.®
in adiabatic hydrogenair explosion: continuous line, the original model; dashed line, modified mechanism when the pre-exponential factors of
four reactions are increased; dotted line (coincides with the continuous line), the same modified mechanism but the pre-exponential falstor of a fift
reaction is also modified (for details see text).

The above types of similarities may exist in 1D stationary parameter perturbations, and the first term is related to the
reaction—diffusion systems, like stationary laminar flames. In indirect effect. The sensitivity differential equations are called
this case the independent variable is the distance, and in thepseudohomogeneous in a window of the independent variable,
scaling relation equation, the ratio of concentration gradients if here the direct effect on the change of sensitivity coefficients
should be calculated. is negligible compared to the indirect effect. It has been shown

One of the features of most chemical kinetic models is the that the pseudohomogeneous property of sensitivity differential
existence of a very wide range of time scales. As a result, the equations and the presence of local similarity together imply
dynamical dimension of the model is smaller than the number global similarity. Global similarity was observed at the adiabatic
of variables, which means that the dynamics of the model is explosions of hydrogenair and methaneair mixtures, and
dictated by the low-dimensional manifold present. Assume now approximate global similarity was found in a distance window
that this manifold is negligibly dislocated due to a small change in the burner-stabilized hydrogesir flame.
of the parameter values. It has been demonstrated that if the Previously, scaling relation and global similarity were as-
dynamics of the system is ruled by a one-dimensional slow sumed to be a consequence of the presence of a single dominant
manifold, then scaling relation should be present. If the variable in the system. For example, temperature was assumed
dimension of the manifold is, then the approximate rank of to be such a variable in adiabatic combustion models. In this
the sensitivity matrix is not more tham This latter may result ~ paper we have shown that these similarity features can be
in local similarity relations for some of the parameters. deduced without using the notion of dominant variable. More-

Perturbation of a parameter results in changes in the valuesover, comparison of the terms of eq 28 indicated that temper-
of some system variables, but the interdependence of theature is not a single dominant variable in the case of the adiabatic
variables induces further modifications of the variable values. explosion of hydrogenoxygen mixtures, but for example,
The second term on the right-hand side of the sensitivity radical concentrations also have a high influence on the behavior
differential equations (eqs 2) refers to the direct effect of of the system.
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