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5.I  INTRODUCTIO\

Mathedatical models a.e widely used in i?rious disciplines, and mosr of these modOk
a r e b d s e d o n ) n e m . o t a l 8 e b r " i . a n d d i f l . r e n r , d e q u J t i o n ( . { B r o w r h , n r h e n u m b . r o l
variables and paraneteF of mathematicat modek has been obse.v€d over re.ent vears.
The basic reasod fo. this is that, in thc course of.cnnemenl ofphysical insight. nodcls
bccome mo.e sophisticated, In addirion, since rhe capacily ofcompure.s has grNh, nodeh
that are more compl€x can be handled nore easilr A common p.oblem is that. in large
models. the rolc olrarious pa.anete.s is not obvious. Usualty it is not clear wh'ch a.€ the
imporfant pa.ameters. shar is the efrect otchanging pa.dneters. what is the unce.taintvol
rh rnode l  re ,u1 ,  o r ig indr rngkom rhr  un . r (d rnryo f  pd€hr lp^ .  androor .

Localsensitivitiesp.o!ide theslope olthe.alculated modclourput in theparamet..spa.e
atagilrn setolralues.ln manyapplications. !his isexacttythe into.mation needcd.Inoihe.
a.eas, su.has unceriaintyanalysis.localsensnivityanalysis is a computationally effi.ient
technique that allows a rapid p.eliminarf cxplo.atiod of the model.

There havc been a numberolreriess ollocal mcthods: A.onD.ehensirc .eview or sensr
ur  r r r  dna lJ ! ,  wds  ts , ren  by  Rdbr / .1d l  I  t cF  r .  Th f  rev . . r  deat r ; . in tJ  w i rh  jocd tm. rhods .
and concenhated on dist.ibuled parameter systens. Appli.ario.s, mainly in chemical
kinetics and molecular dynamici were p.csented rhe.e. The review of Turdnvt [990hr
desc.ibed both slobaland local Derhods. and providcd an atnost comelere lisr ;faDoli.a,
r ,nn .  in .hcmicd t  k rn -  s  up  ro  lq8q.  the  re , , .w  by  Rddhat i .hn . ;  r l , t , rn ,  d .J i r  ! , , rh
the numerical aspects ot local seDsirivity merhods, Irilh an emphasis on conbustion
.hemi.al modeling. The rcliew b),Tomtin.l dl. {199t)discu$ed the aDolicarions olsevcial
md ' lcmdr ica I rc rh .ds .  in .  Jdrns  spn. .  a . ry  anJ t ]  n . . In  comt , , r ^ "  i ine  . .

sottitr rmrrJn Ednedby^ saLlel iddr
e r0ooJoh.$'t.y&sons Lrd
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Finally. we discu$ some .ase studieslhat useSB lheecologi.alcasestudymentionedat
the beginnidg otthh section took t5:1 simulation .uns to identilv add estimate the It most

impo.tant lactors among the o.iginal 281 fado6 Some of these li lacto6 surprised the

ecologicalexperts ,soSBdaybeapo$e. tu ls tat is t ica l (b lackbox) technique Noi icethaton
hindsisht it tu.ned ou! that there are no inporrant inte.actidns between lacro.s so onlv
ri4/2 =77.uDs nould harc sufficed (no toldover)

Anothe. case study is the building thc.mal deteroioisri. simulatioo in De w'lt (1997)

In hh simulation, SB gave thc 16 dost important inputs amon8 rhe 82 tacto.s. afteronlv
;0 runs. Hc .hecked $ese results by applving luor.is screening techntque describcd in

Section ,1.4i the larter technique took 328 runs

i{.8 CONCLUSIONS

In the initialphase ofa simulation. it lsotten necessa.y ro nnd out which factoF amongst
the multitude of potential iactors are really inporiant Thc goal is tben to .€duce the
numbe.ottacto.s to be further explorcd inthe next phase

Sode desisns (called supedaturated desisnt require telve. runs than facto.sl In thh
chaptec we have surveyed seveFltypes ol designr onc-a!_a'tine (OAT) designs (indudi.8
Moftist design), the ststenatic tractional.cpli.ate design proposed bv Cottei the iterated
Iraclioral tadorial design (ltFD). and Bettonlils sequential bilurcalion (Sa). Each tvprhas
its own advantages and disadvantages

OATdesigns hale as a major liditation lhe neglect oI factor interacrions The advantage
is rhat OAT does no! make sinplifying asunptions such as ftai onlv a few tacloB have
impoadnr efecr .  or  lhd l  lhe inputoutpul  r lOr  fJncr ion h monutonic Voreover lbe
computational cost ot OAT designs is linea. in the numbe. of laciors, Howe@. OAT methods
p.ovide unbiased estimato.s ot the effects of each individual lacto. provided that these
;flects afethe same aidiflerent settidgs ottheotherlacto.s; that h. thelaclo.sactaddititlv.
over the .ange oI intercst. such an assumption. although adtantageous to slmplitv the
p.oblem. cao be Frely accepted. In iact, inre.aclions are usuallv .elevant and need to
be estimated by va.yidg factors simultaneously On the othef hand when the model is

cxpensive to .ud. and the.e a.e nany facto.s Mo.ris method is both emcieDt and easv
to implement. l he lvlotis method is available in the so[twa.e package PREP_SPOP (SIMLAB)
(see the softsare Appendix).

Thc sysrematic t actional replicate design ofCotter (1979) is computatlonallv emcicdt and
does not.equireany p.iorassumption about intemctions or few impo.tant tactoG Howevec
th€ design lacks p.ecisionaod cannotdetect factors havingeflecrsthat canceleachofterout'

lfFD estimates thc maideffects, quadradcenects and rwo tactor inte.actions oithe dost
influcntial facto.s,lvith a nunbc. otruns that is sdall compa.ed with the totalnumber oi
facrors- gowe!€r, fo. sood results, thc modeloutput should be determined bvonlv a tew
highly inllucntial tactors. And.es l!'FD is alailable in the Package SAN{PI-E2 (see ihe

sequenlial bilurcation is simple, emcienl and eflective (as severalcase studies ha!!

illustrated). Its major limitations arc thal ihc sigos ol main effecrs must be known a nd that
netamodels with only naid ellects and tto tactor intc.actions must be adequatc l/o

ihe sc.eening desisns desfibed in this chapter are onlv a small subsct of the total
number alailable in the literature.i\t hare presented onlv those dcsiSns that tocus onthe
p.oblem ofthe identilicarion oirhe few imPo.taot factors in a dodel



5.2 TEATURES OF LOCAL Sf,NSITIVITIES

Time independent (stalionary) systens can be .ha.acterized by the tolloving sysren oi

o = rly, k) (t  1)

wh..e y ls the n vector ofvariablcs and k is the n vector otparamete.s. Thc solution ol
the implicit algebdic Equation (j.l) is denoted by yl The solutiod chadges when the
mlues ot panneleB k a.e changed. and the new solution can be obtained l.od tbe

: -a t
r ' k - A k ,  r " L  ' t " ' a !  

' t \ - i - - L A k A ! -  ' i . 2 '
'  -  -oNto(

A chemical exanple oI such a system is the coocenlration in a well stirred (i,e. spalially
homogeneous) stationa.y reactor

Non{tationary systems can be described bydifre.entialo.dilteredtial-algebraic systens
otequations, Conside. the follot!ing inilial value problem:

fi=rtr,ut, rtor = "". ( 5 . 1 )

ge.e again, y h the n vecto.ofva.iablcs and k is th€ n-v.ctofotsystem pammete.s, and y0

is the ar.ay of ioidal values. Solution oI the initial-Elue problem (5.1) povides the lime
evolution olthe system variables.

The effect ofpadmcte..hange on the solution can be expre$ed th.ou8h a Taylor series

r '  . k , A k , -  v ' r r . r r ,  r 1 1  a i , ,  l r r * l r a r , a r , -  , i . 4 r
i  dk .  2 i  -  i r t ,d r .

In botb tbe tide'dependent and time-independenr cascs. the pa.tial de rivati ves dr, /dki a.e
caled nbt-order localsensitivitics. a'�!,/rftra& are caUed second-orde.locals€hsitivities,
and so on. The frsro.der l(al sensitivities fo.m tbe scnsitivttl datrix s = {s : {a!r/a&}.

Clobal sens ivity coefii.ienls depend on the assuoed p.obability density tunction oi
the pa.ametes, and usually also od the melhod of.alculation chosen. In contrast. local
sensitivity coeliciedts are defrned exactly by Equations (t.2) atd (5.4). There are seve.al
nume.i.al methods for the calculation of local sensitivities. but the calculaled values should
be identicalwithin rhe numerical accuEcy oi the mcthod us.d. Also. .alculation oflocal
sensiti!lties is much faste. than rhdr ofglobal sensitivities. Howeve.,local sensiti{ities have
some special limiring leatures that have to be kept in mind.

Fo. all models of.eal system' the lalues ot the parameters a.e subject to some un
certaioty In dosl cases, such unce.tainries can be ve.y high, and sometimes when the
parameters are changed rvithidthe range olunce.tainty, a qualitatively different modelh
oblaioed. Udlike global sensitivities. local scnsitivities a.e totally incapable of providing

intormation oo lhe e8e.t ot signincant parameter changes. Local sensilivities are teally
l@al. and the intormation prolided is.elated to a singlc polnt in the space oiparaneie.s.
The point iDvestigated h usually ihe point ot best paramet.ic estimate. also called the
nominalvalue otparameters. Smallvariations io parameter values usually do not change



Nnn.rt.at n thoit, ,ot to&t sdsirivtri., Al

lhe lo .d lvn .  I  i l i e .  d rdmar( " t . ] r  buru . rSn i f l canr ,ydr f i c ren t  pbrameter re t  dby  re \u t  rn  acomplcrely Jrfrerenr sensrriviry partern.
Sensitivity a.alysis ot tide-dependent sysrems has anothe. characterhtic learu.e Inms! cases. sens'tivity analysis can be considered as probing the Dodet using anothe.,€t

per ru rbd l ron  or  the  pdEhe le^ . In  lhe  lo .mercd \e  rhepammerenarec i rangedars imut*
tiod time zc.o, and therelore the initialtine otseisitivitycalculation is €qual b the iditial
time ol simulation, Id the Bcneratcase, howelei the intialrimes otthe modelahd ofthesensirivities a.e diflerent. Ler lhe sihutation be sta.ted ar rime O f"t tt" p_u."r"i,
be pertu.bed.at time rr, and let rhe effect of the pe.ru.bation be studied at time l). Thepeftu.bed solution y, can be approrinared Lom lhe orlsinal stutioh y and sensiti;itt

t , ( r : ) :  y(,)  + s(n,rr)Ak,,  (5.5)
This heans that the sensitiviry marir S has double rime dependence in rhe gederalcase,
and rhe tine linirs rr and 12 p.ovide a degreeoflieedom in the aoalysis otmodels.

5.3 NUMERICAL METHODS FOR TH8 CALCULATION OF
LOCAL SENSITIVITIf,S

5.3.1 Finia€-DifrerenceApproximation

ThesiEplesr way to catculate tocalsensitivitiesisbased onslightlychangtnEone pammeter
ar d trm? and krunnins rhe modd. Using rhe f,ir.djfparpdp?rorin,rioi. etem;nrs otrh.sensrtrvity marrix can be approximated bv

( 5 . 6 )

Th6 procedure is ate @lled the brur. /drce neliod o. rhe in,ijr..r n.rftod. The hainadvanlage otthis method is that oo moditication to the original model or extensive extracoding is needed. Howeve.. the brute torce merhod is slow". ""a f"r, """"*t" tf,., -"."soph'sticated methods.
Calculalion of locat sensitivities in this way requi.es n + I simulatjons otthe o.iginalmode l l cenr ia l  d i tTaener  "e  r . .O. : . . i .uLr ,on .  a re  regu. red .  I .he  a .curdc ic \  o .rne  smn| |u r rs  a I .  u td red  deppnd on  rhe  pdrdmerer .hdnge Ar j  In rhecdro lnon l .nea l

l lT i ,M.f i" .1j l , . tu"s '  ,hdr rre roo rars. .e s.  rq I  houH ;amase the drumprion or
".-.j-lL::.J:: 

 

 

rh. paramertu !hdngf r\ roo,md . rhe dr,Tcrnce bers.e.n rhe orrernar
dno pe(u ,bed \o ru t ion '  i s  roo .mJ 

 

and rh .  .ound-n [  e . ro r  h  roo  h igh .  rn  mo{  ca ; '  dl%Frturbation is a aood practicalchoice. but findins tl" A"" f". """""p"u.j ""i." r, "hialand er.o. p.ocess.

5.3.2 Di.ect Method

Di f f t renna l ion  o t  tqud,m l i . t  n  h re .pc , t ro { .g t r "s rhe lo tJUwing\Lremot , "n . r r ,v ry

. l  0 !  ,0y At
n N : " N ' a h ' l t  7 l



S = J S + F . (  5 . 8 )

Here J = {allasr} N the dedvatilr ofrhe.ishr-hand side oirhe differeoriat equalion wi$
respect to rhe system va.iabtes (catt.d theracobian nat.ix)and F _ {Arlat,} isrhede.iva
tivc with respect to the paramele.s, sometimes called the Da.ametric l.cobian.The initial
condnron otrhe dr f lerenr .a lcqLalron ( i . - r  r :  a  zero \e.  tor .

Dire.t rrdlfiods a.c based on the solution ofthc ODS (5.7). Nume.ical solurion otEouation
,r : ,  requ,rer  Inor iedc.  of  rhe utue,  of rhe m n.c.  J  and Fdr  ed.h, reo ot  rhe ODtsotLer
To $aluare th" .e mdrr te. .  rhe acrual  va luf ,  o f  rhe .y j i . r  ,a f ,dbte\  hd.  ro be l (oown.
and the.efore a simultaneous or pre.eding solution ofrhe ODE (jt)is neede{t. I. the nret
realizations ot the direct method. Equalions {5.U and (5.7) D.ere solltd indeDendenttv but
s imulranrouslJ.  dnd rh o lLr .on oI  Fqudr.on ' i . t ,  $dr  urd Io!  ,e  ,n8 up aqrar ion L i : ,
All va.ianls olthh algorilhm were.clatively sto$l

Dunker (r98r.1984) was the first to sho( that a speciat .elation between Equation (5.j)
and Equation (i.7) allows a nume.ical shofr.ur, and caued this alsorirhh the de.orDl.,l
d i ,  KI  aprhal  a-  DDJ4 fqudr ion s lJ ,and, i . : ,h . ,vr ' t ' " " " . "1,"ot , -  and rhererora,r t r
ODE solver selects the same step size and o.dc. ofapproximarion for the solutioo oi botb
equations.In Dunkerb method, theODE solverdecodposestheracobianonlyonce. andthen
takes a timestep solvins Equalion (5.:l) and th.r sotvinsEquadon (t.7)with allDa.ameten
one a| ler  rhe orhpr  Sin.e rhc r r " lsuJar  paron ot  rhe Ja.  ob.an i .  rh .  mon r :me ;on.umine
part ol a stiflODE solution, usjng the dccoupled direct method, sensitivities can be cahu-
lated wilh relalivelylittle ext.a.ost.

Sevenl ioplemeDtalions olthe DDMexist. and thc DDlVthas proved to berhe bestacneral
nethod tor the nunerical calc ulation ot local sensiliues

In the case ot slatiodary systens, il the stationa.y point is asynptotica y stablc. the
stationa.y sensitirity coemciedts a.e limits itr tioe ot rhe dynamic ones, and thei. rime
derivatives tend to zero The.efore. Equation (5.8) can bc t.ansformed ro

( i .e)

The ftarix Sr is the rlraion4rt/ senrilietrr rrdrrir and rhe natriccs J and Fare eraluated at
thc ra.iable valu.s oi the slationary poinr. Equation (5.9) can aho be applied $,hen rb.
original model is defr ned as a systed of algebraic equations (5.1).

5.3.3 Ihe Gre€n Function M€thod

Differentiaii.g Equation (5.i)witb respcct to the initialvatuestlr, the Iollowing equation h

n
tK l t  r r )=J (0K( r ' t l )  ( 5  10 )

where lr a.d i are the tidc olperturbatbn and the time ofobserlation, .espectively and K
is the ini!ial r?lue scnsitnity mat.ix, that is

" . " ,= t#S)  K( r , , r , ) : , . ,> r ,



l i l l 'Lrq,ud '  
o.  K N kn N n d,  h.  c , .  t  a ,  !  @n ot  r . ,  d  anr  rhe numer.cdr  mcrnod bd\cdon Ih.  $tur ion ofLqual io l  , :   .b  cdtred rhe 6.n, / rx , l ro4pf l ,o  IIne ucen tun,ron rerhod a l .o ha,  s"verat  vdr idnr ,  The ho.r  J$" toped of  Inr ,e'5 a led,rnr  @tw LJt jJ  .nksrared [GEnu\  re^.on o.  the C*.n i , " . i io .  , " , to , i

; ; ; i ; , . ; i  
^ .* "  r ,  ra8r , .  In  rh i ,  reb,on.  rhc ma, , i *  x  n.oo-" . " "a uy " . " i , , .

D.'ir.d rnsi rrvt lr., 8,

Equ i rnn . r i .T r  d  d  t in tu r  rnhom.  Beneou.  r  nen,  n rd . fc .enn. t "q ,o r ion , .  a .d  rh . ,e to , .i r  c . ,n  be  .J l ,ed  bJ  f i , . '  der rmin .np  rhe  honog. reou,  pan ,5  t r r .nd  ,hen. . t ,  u tdUn; : ; ;pa.ticula.solution:

s ( r r . l r ) ( i r r )

(  5 .  r 2 )

ThetFlvqAltt method is rEral times faste. than othe. ve.sions ot lhe creen function

^.:Sl lnl l  
d: ,* ,  * ,1"!  rh.  n rn.r .car eno 

 

in_ed.F. rrnedrry B h ihe nJmbe,
il';j'fi"ji:;:t;:::;;:1;#:".T,j",,r.ff,i;:.,r'"".'",'c",Fror' (prop.^ona.

;:,ln:ju I liilrrlffi ;lilr:fi:,n1:lti[';jI.1? ffl:,ij
5.14 Othcr M€rhods
Orher h.lhod) hJ\c "h . been des"r r.ed In rhp trterarure. DUt rne, dre nu.h te., wide.pread.I t  i .  neqknr ly  u re l r t ,V i th rdnd t_ rnk ta .h  lqqr ,  I  d rp ru \ .mdre  rne  In legrd led .o tu t ro l

i#:j.*::1r."":xti ili'#"Iil s:i:;::,::l ;::i ;m' : t};;:l"j;:,*i:landr?nmr bF ru.r i f ied b!ontv rh.,en.. , , , i rvcac;t . r io".  U"**. .  , ,  * , ,  , "  " .pi , . ,  . " i
i ' r l ; , io; .1;  

"" 'uot" ' 'n" ' " ' r id, ins i ,  pror ides dr c. ,  mre or rhe ro'  dr ,en' , , , ,  i , ie:  d.  d
A.co.dmg to thc potynomiat app.oximation method (HRang, 19sll. the sotution ot rherer i , i \ i rJ d.f l4"nr idt  €qc, ion. r-7,  n dopro\,m..red. b,  ," ' r r ;"r"  ," : .*r . i , "" i " i i lnon.a l \ . .A l though h igh  cornr .a t rnnr t  {peed dnd snod nJmer i !a t  , tdb i , . r j  wer .  demonn idrcd  rhk  mahod qJ .  n .aer  appt ied  ro ;a lp rob te ; .

5.4 DERIVEDStrNSITIVITIES

In  rhp . -b .e  o fmodrs  dp f ined by  rh .  d r f fa .n ru teqr " rnn . ,1J , .  nn .on .y  Lne bcru . , . ,a tu . .  o .vanahres  dre  rn rc re \ r ins  bura t \u  ih r , r  id re \  o ichdnee,Enabk, "k s..e. b" ,;e rer;.,,,"i ";o.l i",'.'i,""" i li,lrlir 
1 rin" I hr a.F -r ' h 'nse o'

t

K( r+Ar ,0=dp iJ ,  J ( s )d j ]

A\,r / = --rr ,



tbe sensitn'iries oflherates of.hangeofva.iables can be calculated bvEquation {5.7) knoD'

ins the local sensi!ivitv coencients
ihe rdk rnsnirill nralrir 6{tr.lr) also has double time dependence If the two times

.o inc ide( l r=h) . tbe ids tan taneousef le . to lparaoetc .change isobta ined l t i sc lcar l iom
Equalion (t.81 rhat the matrk F = {i)rl&,} .an be considc.ed as an instantaneous rate

se;sitivily mat.ix. (nowing the values ot variables at a given tim€ F can be calculated

a la ly t i ca l l yandthere fo .e iheso lu t ionot thesens i t i v i t vODE(5 '8 ) isno tnecded l thasbecn

sholvn lTurdnyi et d/..1989)that Fcatr provide valuable inlofnation on the structures ol

Mdthematical models may pro{ide qualitative lnlormation Such inlormatiod can be

rhethe. a dodeloscillates. iia given variable reaches a th.eshold t?lue du.ing the tine

inte.@l inspected. add so on. Sensitivily analysis cannot be used ior the studv ot such

lnformation. On the other hadd, frequeotly the intornration desired is quantnative but

may not be among the primary outPuts oltbe model. alrhough it cad be deduced trod the

time hisro.ies otva.iables. Such info.malion might be t& maxinum value of a variablc.

the time needed ior a variable to .each a threshold value or' in the case of periodic solutions,

the peiiod time, Such quamnatire info.mation can be call€d a featu.e, and iis sensitivitvis

named Iddt!re s.nrilivil!,
The brute force method oflers a ditect tay lo.alculatc fealure sensitivities (Fenklach

1984). A pa.ticular feature is evaluated lrom the o.iBinaland pe.turbed solutiods and the

teature sensitivity is calculated using linite diflerences-
In many.ases. the ieature sensitivities can also be calculaled lrom the local sensitivities

ofvariables, As anerample. assume thaivariable i has a natimun (o. mlnimmlat tine l'

This implies thar fte time deriative ottheva.iable is zero:

i ' (k,r)1,=,. = o. ( ;  l )

Differentiating Equation (5.11) with respec! ro the pafamete. l, tbe lollowidg equalion

is oblained (Rabitz.l d/., 1981) fo. the calculation ol ihe sensilivity of the location oi the

a'!'(t')
af atakt
dtJ A:!/,(t')

ait

( 5 . l 1 )

The nume.aio. .ontains thc appropriate rate sensitilitv.oeflicient 3J,(0,f) while thc

deoodinato. can b. calculated [.om theJacobian and the right_hand side ofthe original

ODE:

(5. r 5)

Anothe. trequently applied leature sensitir v is the sensitivitv of the period rinc ol
pe.iodic (oscillatind mod.ls. Pe.iod lidc sensitivities can also be.alculated (Eddson and
Thomas, l98l) approximatcly from the local va.iable sensitivities:

asJ(t))_ a!/i(t! + ')
J,  ak,( t t )  a*,( ' ,  )
a\= 

----i!llr

#='n'

(5 .1 r t



5.5.r f,trect of Chansins On€ parameter on a Sinste yarlabl€

llji,T';:'Jl?;::T:f:i,:i1i:;:,Itfi:;:::il:i: "rr'e dumber .' uni,s change ,n ,he
"","r, a.p** "."ir," piy,t""i;;;i; ;i;ffi1ffiTiff :';:$i:i:T:,:ilfi i :"jilwhen the units oI the model are known. In th. sen(

il*:ff"":I *fi ii:il:tf$:;:iHt;,ilff :",:..:, ;""'::::i,;il*:;:til,:,i",i:;
To make the sensitivty .esults in,lepeodenr of&e units oithd model, usually no.matizedseNuivityncoemcEots deapplied. The ho.malized local s"^i,i"ity .",.i* i, a""JJ iyi
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5.5 INTERPRETATIONOFSENSTTIYITYINFORMATION

s = ( 5 . r  7 )

.(,, ,,) = t *, [1l! !-L:!1,n1'
i:i t ltll2t I

( 5 . l 8 )

{5  re )

Inwstigalion oJ tbe smitivity ofobjective functions sjgnihcantty dec.eas.s rhe number ofsmitiljries to be.inspeded Horvever, io. a fix€d tine ot pe.tu.U"ii.n t,. tl" ,"n,itiuiri., .tiii[ave to be studied at selqaltimepoints rz to get an imp.cssionoithe change oisensitiviti.s

These.oefficie.rs repiesenr a tinear€stimate oI the

:mmf;mi:,ir*;"ll:,l,,ffi :Ti$ilxdff"h"rlilhtl:l:"L
.,,:,'fi :::if:f :;l,I ji jffj[ffii":,::f ff 

,::". _.* ri". tr,"i..r." a.""t"""ary
na,.ix oi s00o erements rr addil;:,n;;;#fiTlj:::ili::."",.$,i,il"",::llT:,i
l0 'nmbers hak lo  b. !ompared dndanalyzed. I r  i , Inevrkote rhdr  \ome merhod.  hdve robe used tor  summnriz ing rhe senrr iv i ty  rntormatrun

5.5.2 Efrect of Chanstna on€ pamDeter on lieverat Variabtes

ln 
modFlopl im, /auon. lhe improrrmenr o| lhe hr  isexp.es.cd by rhechance in a s in8te num_ber Th^.rs &hievd by idrcducins an obiecrivp fLn;r,or. rvh,ch colvefl< lhe hutrivdruEoutput olrhe modelro a single value. As aa exanple, sucnan objectiee hocrion can be:

I k,a!t'].

:iirii,i:::,il,ryi illt:.J3: fi i;iliT::#:lffi::li;:1 "it",; i;;,1
ffi iilL'ij.",li"i.:"l,i1Jll ;l"t[,il::i1[:l' Tfll;' ;::lif : l:lt: ;ll:; j:p , : , : l ! ' ' l h " T " d : " l : , , i l , r i r , i , y v a , k b r e . b J r i r . v d r u F , . - i i _ * " , , " g " i " : f  ' - "

'  ne  sen(d iv rv  u r  thp  ob ie .n !e  tun  J ron  abov .  ,  dn  be  cd t .u ta .ed  f rcm ; .  locd t  , . r .ab tc

ff r,',,r = I*furff r',,,r]'



The nexr stage oi inlo.mation comp.ession is the appti.ation oi time inregrated
sensitivities, The cof .espon'ling objective iunction h

.= J" i*tui(" !1i-i'("t]',i,

The sensilivityolthis objecrnr iunctiod can be app.oxinatelycat.ulated b,

( r . 20 )

( 5 . 2 1 )

Sensitivities of obje.hr luncrions, calculared f.om normalized sensiliviries are callerl
ou.rail scnsiliriries (Vajda.! dl.,l98il. Setecting prope. $,eigbts trj. rbe overall sensitivities
provide idfo.mationon the iDporlance ol modet Fa.anerers.

5.5.3 Efiect of Simultaneously Chansins Several parameteis on
Several Variables

The oveEllsensitieities gnr into.Dationon rhechange ofsingle paranerc.s ontja Howevc.,
changing sereral parametr.s simultadeously can st.engthen o. weaken the elTecrofsinste
pd€r. rerchange\ .  F i . .L .order  lu .  a l  sen, i t I  r lE\  utha\ \  coresponJ r" i  h"ngrng one pa;*
meter at a tidc: aod do not shoh the ellec! otsihultaneous pa.ameter changes. pfin.itdl
.o,npoh?,t dnnttsis (vajda .r d/.. r985r lhjda and Turenyi. 1986) can. howcver, be used to
estimate rhe efl..t o{s'mulrancous parahcterchanges on several va.iables. based on tocat

L\e the time-intesrared objccrirc fundion (t.20) toa$ess tbeellect otparameterchanses
and repla.e the integ.al bya sumnarion:

",,'=\-flv;u! tl!.ll ''  
f=il rr '(d )

( 5 . 2 2 )

Assuming that all pa.aoeters a.e positnr, no.nalized pa.anetes. d, deoded as, = ln k,
can be used. Ilsome otthe parameters a.c negarilt. a simpte modificarion otrhe modelcan
lead toall-positire pa.ameters. For simplicity.let the weighk now be either I o. 0. Ubisht 0
dr 'c te .  rhe .o '  'F .pond,ng , r$  r rom rhe  rcn ,  r i r i r y  n  r r | \ .  t  ne  to ,  r l .hdnF"  o t rhe  ob je .  rac
tuncrion above around tbe nominal values otparameters ro can bc approxinated by the
local sensitiviivmar.ix:

e(,): tA')rar3(^'). ( t . 2 l )

whe.e Ai = d rr). and thc matrix 5 has been.omposed trom a se.iss o ocatsensitility
mat r ices .  bc long ing  to  t imes ( r r ,  t : ) , . . . .  ( r r .  t , ) :

*s=E:',Ll#.',] '

l',1 (  5 .2.1)
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Equation (5.23) is a quad.dtic app.oximation to the real shape otthe objecriveturcrion. Any
flo\. ,tu'on_or rhi. dpprcy,mdre ob(rik funft.un i. d hyper" ipsoid. dennea Uy rtr'.
rarnx s s. j ne tr enGr@n ol rt-e etirp)o.d b h respecl ro rhe pajanerer a\e: i\ dcfineo
oy .nF erBenve.  to rs  o t  the  mat r ix  S 'S ,  whr te  rhe  r . td l i ve  IenSrh .  o f  lhe  are)  o j  the  e .hpsord
are revealed by theeieenralues otthis natrix.

Iithexes ottheellipsoid a..parallelto tbeaxesofthepa.ameterspace, thereisno syner-ghti. eflect among ihe paramerers. and the relarive lengrhs otrbe axes deflne rbe reiarive
importdce otpdameter. Ho|cver. il say, thc direction ot rhe longest axis ot the ellipsoi;
is at.4j' on the plane oltwoofthe pa.amere.axes. thism€ans that rhe effccto! alllar;bbs
w.hdg in tsom pdnm.re . r ! .  be  t reJJ .or re . red  by  a t ,o  !hangrng ano lher  pa-dmer . r

A ! r ' ta r rn te rprerb t ion .a lbec [enunnEtherermr , ,n . rpd l roDpon.nr  
Ap. r . rpc t .om-ponenr  i ,  a  new pdr rmFre i  ob td ined vE d  t inearcohb,nduon o f rhe  or ie ina toaramcrcrs ,  re r

marh.u denore rhe marnt or norhalized ersenr,, rors or S's. p.,",ip"r .i,.p."""i, ","

( s .2 t )
and using p.incipal componenrs. the objective Iunction (j.2tl can be siven in a simpler

(5.26)

w h e c A r y , U r A r a n d r r \ r h e r e - l o . u f e i s e n v a t d e \ . E q u a r i o n , l , 2 b r p r o v r d e s n n o r h e r
r \pLanaron ot  (  hJ Ihe e.gen\"croa of  mar ix  SrS reredt  rhe retar , .d  p, r .meler  b ld $.h jlhe.rrre.pMd.ng dgenktk. \horv rhe r..arive weighr< otrhey pdrahcrergroup:

__trcm 
a pkcl rd l  pornr  ot  r rew pr .1,  rpat  .omponenr an. ly . is  i r  an in" ipen". r ,  porprcce{ !ns t .chn 'qup rhar  exrra. r .  orhers ise.urdvdi tdbte in formar,on r rom r t re ioc, t

5.6 INITIALSf,NSITIVITIES

The,olut ion ukhp.r i rut  \_atue probtcnr  r i .  L  dFpend,  on rhe votuc)  ot the pararcre{ .  bLrarro on thc in i t id t  ratuFs or  lhe rar idbt- . .  cJ.utd l ron ot  rhe iarr" /  r " i r .  s4r ,nr   ,  Erk, ,bas been introduced as a nrsl step in the calculation of local *nsitivities. a-o.di;s;ih;
Creen iunction netbod. tt hasbee. shownin Secrion 5.1.1that thc initial-value sensitivili,
n a t n y  K f t ,  r ,  '  -  , 4 .  t r  a , .  r  r c a n b e o b , b r e d d \ r h e . o t r u o n o t , h e t o  . w . n g , n i L i c l
mruc probt fm tEquarron (5. I0r) .

d
&  

r ( ( t  t r ) = J ( r ) K ( r . t r )

The initial !alue ot X is a uni! mat.ix. Thc inirial-value sensitii,nies can be .onside.ed
as iia unit pertu.barion wcre applied ro the inilialraltrcs, one by-one. and tfre fate ot thts
Pertu.bation were honitored

,"  
In  r i . l . rd l rp, ,  n ! r ivdr . .  are rnrere, t rnS oe.dL,e lhe\  dre rerdr .d ro t rme \ .Jh\  o.  mod(t r, r  rne | 'me ! .aLe\  b c  we ,er . . r . rpd r . r  bbk.  rdr  be.aregor. , .d  d.  td{  or  nu$. . tde

slow vafiables respond rcry slonly ro a pertu.barion. since the pe.tufbarionputs theh ona tralectoryalnost pa.atlelLo theiro.iginato.e, and thereto.e the iditialvalu.:sensiti!iryof



a slow !ariable(i.e. thediagonalelementbelongingtoa slow variabl.)redainsclosetounity
to. a long time. East variables quickly .eru.n to theiro.iginaltrajectory aiter the perturba
tion, and the.efo.e their inilial-value sensitivities decay to ze.oqui.kly If tbe initial-value
sensnivityoialariable ex.eeds the unit value instead ofremaining close to unityordecay
ing this indicates that a slight increase in the variable incfeases ns production rate. Su.h
behavior is called dllo.dlalgsis in chemical kinetics.

The point of the quasi-steady-state app.oximation (QSSA)h that the values oislow vari
ables determine the values of tast variables (Tu.dnyi eI al.. 1993). This means that it is
cnough to solle a system otdifle.entialeqlations tor the dow va.iables, and th. {alues ot
tast rariables can be calculated tron the values ottbe slow ones using algebraic equations.
The c.iti.alstep id the applicalion olthe quasi steady state app.oximation h app.op.iatc
division otvariables into lasl and doo ones. Initial-va.iable sensitivilies can do the job. but
tbe.e a.e othe. app.oximate techniques, which provide sinilar inlo.dation in a computa-
tionally less expensive wa:/,

Durids rbe solution olinitial'value problem (5.10). the values oI va.iablcs cbange. and
therefore the elements oflhe Datrix J are continuously changing. On 6xing the elenents
ofJaLlhe slarting tidc, Equation (5.10)becomes ahonogeneouslinea.systemofdiftc.ential
equations witb constant parameters. The solution of sucb a system *

It has been shown that lhe Jacobians oI chemi.al kinetic differential equations can lre
quenrly be rearnnged to app.oiimately loser t.iangular torm (Tu.dnyi zt dl.. r99l). It is
po$ible thata sinila.observation holds tormadymodelsinofte.dhciplines. Consequentltr,
fo. nost chemicalkineti. syst.ms, the eigenvalues oitheJacobian ar.lose 10 ihe diagodal
elemeots oI tbcracobian. .\, ! j,,, where jr, is the nh diasonalclement ofthe lacobian. Since
the liietimecan be defined as i, = r/i,, this.elation supports the traditional observation
thai sborllitetinc va.iablcs dccay rapidlyailer perturbalion and behave as fast variables.
This also means that the time history oi the diagonalof the initial-lalue sensitiviiy mat.ix
can be approximated as

x'= exp{J(t ,)r l .

( t . 2  8 )

A more sophisti.ated handlingoftimescales takes into a..oudt rhat eigenveclors ot th.
Jacobian define va.iable groups,The time scale sepaEtion is bener ifvariable g.oups. nor
sidgle lariables, are.onsidered and tbercfo.c a no.e accurate quasi-steady state approxi
mation !vi$ lewe. va.iables cao be applied. The cor.esponding nnme.ical techniqu.s
(Lam and Gou$h. 1988r llaas ard Popc. 1992) .cp.esent a further delelopment of the
cla$icalQSSA.

So ta( only tbe idterpretation ot the did8onal elements ot the initial vahre sensitivity
mat.ix has becndiscu$ed.The oR-diagooalelements otthe natir Kalso contai. important
dynamic intormalion, bul tbeir ilterprelatio. dcpends on lhe actual physical modcl. In
general. the oft-diagonal clemcnts sbow the displacement ot lhe trajcctory ot all other
rariables, iD .esponse lo perturbing a given variable slishtly As an cxamplc. a larse oll'
dia8onalelenent indicates stronB coupling berween a tast and a slow variable, inrroduchrg
large eror into the QSS 

 

calculation (Turdnyi er dl..l99l).
Thc whole inilial-value scnsitivty matrix canaho be approrimated based on an eigen

vector-eigenvalue analysis oiJ(!r)(Nlaas a.d Popc.199.1). Let r: be the time oiobse.vatioD
o f  r h e i n , r a l - r d l u " < " n , i r , , r J , d l c u l d t l o n a n o l e r v a n d i d e n o r e r h e m a r i , e . o l r i g h r  J n d
l e l t . e i s e n r e c l o r , o r J , r ' . r e . p e . I n r l y t h e n . i , . c , v r a n d i , , a - r r : n c a e d a r a ' . o b a r n " , l


