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Abstract

A ne\' lcnsitivily analysis lechniquc is develoPcd bv utiltins Tihonov\ srnsuLar
perturbalion theory- Thc described scnsitivil,! analvsis method deals {ilh algebrarc
quations inslcdd of solving thc system of diflerenlial equations \hich is thc case

in convenlional sensitivily analysis. ln the field of chef,ical kinutics, $e prolosed

techniquc can suppb info inat ion on th.  nnportancc ofc lementarv s lepsrn complcx

rcact ion ncchanism\.  As exanrpl r \ .  h igh_tcnrPjatLrre propane pvio lvs is  and lhc

chenjr i ry  of thc "unpol lu t .d"  l roposphcre are studicd.

l .  Introduction

Mathcnutical nrodels of reaction nechanisnrs are ollen used in the jnrestigaiion

of complex chemicai systenrs. Sensilivity anal)sis of the models reveals thc relation-

ship beiwcen the modcl solutions and the input kinetic parameters. and also supplies

infornration on the importance ofthe elemcntary reactions [1 3]. The basic quantity

in co ventional sensitivity analysis ls the conccntfation scnsitivity coefficient dciined

as the pa(ial derivative of a spccies concentralion ci wilh respecl to a kinetic para

meter * i :s i i  = aai/akt.  h is a measure of the response of spccies conccntrat lon ci

a r  r i n r e ; r  r ;  I r , e  p e r l u r b r l r u n  I n  l h e  r a l J c . l  p d r a n l c l c r  { ,  a I  l i n l c  / r  l w h e r c  / ,  >  l r ' )

l l -u. ,  lhe rrnel: .  i - tonl lal ion \ ie \eJ b\ cun\enl ional .en. i l l ' "1r\  analysi \  belungs lo

a time interval (r,, tr) of the reaction course during which important rcactron

characteristics rnaY change.
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The kinelics and mcchanism of a conplex chemical reaction at a gilen stage
of thc process h determined unequivocally by the actual specics concentrations and
the rate coefficients. Consequenlly. kinetic a d mechanistic problenN shouid be
sludied by analysis lechniqucs using quanlities which only dcpcnd on the concen-
tralions and the kinctic parameters. The recently suggestcd Ieaction rale analysis
method [4], which uses sensilivily coefllcients defined as the derilatives of lhe
rates of species concentration changes with respect to the kinelic parameters,

i.e. 9i, = a4/akt, confonns to this lype of trcatment These rale sensitlvity coeflicients
rcwri t ten in a log-normal ized form, Qr(f ,c) = dl . . ' l , ld lnk, = r i iRl /4,  reprcsent
the ratio of rate of fornation or consunption of species i in reaction I and the net
rate of concentration change of species i. They depend only on the species concen-
lrations and kinetic pararneters, and are particularly suilable for lhe invcstigation of
mechanist ic quest ions.

The method of quasi-stationary sensitivities described in this Paper appiies
thc concept of concentration sensitivities. An approximaljon allows us to replace the
sensitivity difterenlial equation by algebraic equations, and this considcrably simplifies
the analysis. ln accordance with rate analysis. the sensitivities calculated by this
method also depend only on actual concentratlon values.

A disadvantage of conventional sensitivity analysis is the sjgnificant conpuler
tinrc whjch is rcquired in solving simultaneously both the kin€lic and the sensitivity
differenlial equation systems. However, in contrast to concentration sensitiviiy
anslysis. the use of the method presented in this work is inexpensive.

2. Sensitivityequations

The kinetic differenlial equations for a chenical system are given by the
equations
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J ( . . * ) ,  c (0 )  =  co ,

= t f f , + r , . (o) = o,

d c
d t

Ac
ok i

d a c
dt akj

( r )

where c(t) is ihe rl-vector of species concentrations and * is the m-veclor of rate
coefficients. Differential equations for local concentration sensitivity coefficients
can be obtained by diffefentiation of the kinetic equations with respect to the para-

where J = 3/ Ac and Fi = Af alt.  wnh I = I,

(2 )
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s , -  f  - a l . ) '  r - , 1 , .  t = 1 .  . . . , t t .
t  \ o K i  /

which follow frolrr eq. (2 ) if the left hand sides are taken 10 be zero'

The slationary sensitivity nalrix which represents the change

species concentrations to a difterential change in parameters,

o '  d c t
' i  a k j '
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3. Sensitivity in equilibrium and in stationary systems

t r '  c q , r h b r i u m  a r t d  r _  , t a t t ' n r r y  \ y s l e m '  l h e  ) e n ' i l i ! r l )  c o e f f ' ' i c n l s  m ' r \  b e

regarded as dynamic qunntities which irre goverelred by eq (2) [l]' The time proiiles

o r  r h e  r r , i l r \ I y  r o c f f L  c ,  l ( g ' \ r  l h e d ) n d m i l ' e ( p o n s e o f l h c s ) c l c m t o J J i f r e - " n l i a l

- h a n s e  , n  { ,  a  o r ' r ' d  r l r e  . r e a d }  \ ' a l e  ( ' e e  I L e  a n d l \ l r c d l  e \ p r e s i u n  i n  r e l  l 5 l  I

an,1 ihe ,tuiion"ry scnsitivity coemcients are the limits in time of the dynanric

quantities [6] . (Note that this lattel statement js valid only if the steady stat€ is

srablc.) Sinie rt stationary conditions species concentlations as well as the matrices

./ and a are time invarianl, the stationary sensitivity coefficients may be obtained

fron algebraic equaiions,

(r)

(4)

carries valuable infornladon on the reaction mechanisnl of thc chemical process nl

equilibrium of in a slationarv state [?] The matrix 'tr logether with the principal

cJmponent anulysis (a powerful technique rccently suggcsted [2,3] for handling

,"nritiuity ,1"tu1 lnay be uselul in, for instance, the study of chemical reactors

operating in a stationarY nrodc.

4. Quasi-stationarysensitivityanalysis

ln alynamic systems whele species concelltraiions change wiih reaction time'

./ and F are time iependent. Thus, sensitivity equation (2) is a system of linear

differential equations;ith variable coefficients The re fore , calcula tion o f the sensitivity

coefficients is not as straightiorward as in the case ofequilibrium of statlonary systenN'

we suggest, howevcr, thai by taking advantage of Tihonov\ theorem [8] an approxi

matioi method may be developed for the calculation of sensitiviiies in dynamic

s) slems \ \  hich Iet .r lnr l l re ' inrPl ic i ly oi  rol ! ' rng algcbraic equal ions -
Tr lrono\ 's Iheorenl can be prctenled In the lnlerorclal ion ol  Klonussl l  le l

as follows-
Consitler a system of p fi rst _orde r ordinary diffe rential eqllations Letus assume

that s of ihe p equations have a small parametcr ! multiplying the time derivatives;
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d jrr i  dr = i( jrr,

p  d  za l  d1  =  8a ( j r t ,

( 5a )

i sb  )

, : ' ' ) .

x ( 0 )  =  x o ;  z ( 0 )  =  z o .

wh€re rr  + s = p. According to thc theorem, when
system (rcpresented by eq. (5))  tends to the sotulron
with /r  = 0).  i f  the fol lowing condit ions are ful f i l led:

(a) The solLrt ion 2.,  = 1rGr, , -r , ) .
isoLated root ol  the algebraic system

! -  0 the solut ion of thc whole
of the degenerate syslem (eq. (5)

8qlr1 I  =  1 . ' s ; (6 )

(b) The solut ion a, .  .  .  ,  ?J js a stable isolated singular point of  systen (5b)
lor al l  valucs of (-{r ,  .  .  .  ,  x,  ) :

(c) The inir ia l  value zo is in thc domain of inf luence ofthe slable sirgulal
point oi  systeln (5b)t

(d) The solut ions of systcnN (5) rnd (5b)
sides ( / ;and gc) are cont inuous funct ions

ln applying Tihonov's lheorem to our problem
cq. (5a) stands for the systen of k inct ic di f fererr l ia l
sponds to the sensitivity equations with the leffhand

are unique and the f jght-hand

in dynanic scnsit i \ i ty analysis.
equat ions and eq. (5b) corre-

side muhiplied by parameterp:

d a c A c . .
u i  * ,  "  * ,  " , ' a c

*  ( o ) = 0 , (.7 )

In our case, al l  ibur pfccondit ions of appl icat ion of Tihono s theorenl arc
ful f i l led. In chemical k inel ics, t  and I  are polynonrials,  which are cont jnuously di f-
fc lcnt iable funct ions. Thereforc, thc soiut ions of systems (5) and (5a) are uniquc and
consequent ly the solut ion of (5b) is also unique. Since (5b) is l incar in our case, i !
has one singular point lf "/ is regular (condition (a) is lulfillcd). If jr is stable (condition
(b) is fulfilled), the whole rariablc space is in the donuin of influence of the singular
point-  Furthermore, condit ion (b) and the regLrlar i ty of matr ix Jare ful f i l led i f  the
real parts of the cigenvalues of the Jacobian of the scnsi l iv i ty equat ion (2) are al l
negat ive at the concentrat jons obtained as thc solut ion of eq. ( l ) .  The eigcnvalues
of the Jacobian are negative if the Jacobian is a diagonal matrix with negative elements.
The eigenvalues are prcsumably also negative when lhe Jacobian is almost a diagonal
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mxtrix. The Jacobian of eq (2) is almost block diagonal with matrix "/ (ie the

.lr.oUiun oi "q. tf li i. the blocks [10] . 'I is a sparse matdx' and the negative diagonal

elenlents replesent consuming reactions of species.

Thc aliscussion plesented above indicates that conditions (a) (d) appear

generally to be fulfilledl thus, one expects that as an approximalion the left'

iand siie of tl.e sensitivity equations (?) may be replaced by zero and the sensitjvlty

coefficients can be dcrived by solving algebraic equatrons:

srn = = - J - ' F i ,  i =  t " n t (8 )

Thc sensitivity coefficients defined in eq. (8) and the corresponding matrix 'Sq

will be referrcd to hereafter as quasi-stationary sensitivities These depend on the

actual species concenlrations and are independent of the pr€'history of the system'

as it is required theoretically
Use of eq. (8) presumes that the matrix "/ is invertible lf all sPecies have at

least one consuming rciction and if none of the species concentralions 3re zcro thcn

a1t diagonal elemenis of matrix "I are non_zero. Since '/ is a sparse matrix' il is usually

invertible in this cas€.
lf ./ is not in ve rtible , a possibility is to use the gen e ralized inverse of t Furthe r_

more, there is a computationslly simple way of obtaining an approximate solution tor

eq. (8 r .  Let u '  modif)  lh.  orrgrndl rrratr i \  , / :

J ' = J - r ^ .  ( 9 )

wherc 1 is the unit malrix and 0 ( tr ( l Thc desired matrix can thenbe computedby

,sq = (J f 
,F. (10  )

/  ac  \s
\4/

The method of quasi_stationary sensitivily analysis is an approxrmaron

method just like the quasi-steady-sta1e assumptjon (QSSA) which is, rather often

applied i'n chemical kin;tics. QSSA' also based on Tihonov\ theorem [9]' simplilies

the treatment used in the solution of a number of kinetic prc'blems by allowing to

replace the kinctic differential equations for sonre shortlived species by algebraic

equations. Both lhe quasi_steady_stat€ assumption and the quasi_stationary sensitivity

arialysis break down when concentrations ofsome reactive species change very rapidly

as, for instance, in the very early period of a complex chenical reactlon Near the

lower lil1le limit oflhc interval (1r, tr) in concentration sensitivity calculations' the

sensitivity coefficients change remarkably (from zero at I = 0), md cons€quently the

quasi'stationary sensitivity analysis can not be applied

Although the quasi'stalionary sensitivity approach does not provide a^ccurate

values of concentration sensitivity coefficients' experiences in the use ol quasl-
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stationafy analysis for reactions of different types indicate that thc method may
supply useful mechanistic information for a considerable number of reactions in
various reaction conditions. Two examples are given in the next section.

5. Analysis ofcomplex reaction mechanisms

In order to demonstrate the value of quasi-stationary sensilivity analysis, we
shall briefly discuss the resuhs obtained in the study ofthe ,Sq Inatrices co lputed for
high temperature propane pyrolysis and for the chemistry ofthc "unpol luted" tropo'
sphere. A recently suggested technique [2,3] called principal component analysis is
used for handling sensilivity data and for exlraciing kinctic inibnnation frorn thc
matrix. Conclusions drawn fiom quasi-stationary sensitivity analysis will be compared
with the results of rate sensitivily analysis, which does nol depend on assumptions
and apnro\ imationr l rke rhe former merhuJ.

5.I .  HIGH TEMPERATURE PROPANE PYROLYSIS

The inechanism selected for analysis is based on the scheme published by
Hrutman et al .  [11] which is supplemented by two furthcr steps proposed by
Bradley [12] . The whole 66-slep mechanisnr, together with lhc kinetic paranretcrs, is
given in ref.  [4] .

Analysis of the mechanism has been carr ied oui ai  temperature 1250 K,
3.85 x l0-s mol dm-3 propane concentration, and six different reaction times in the
range of 0.0005 38% propane convefsion. On the basis of the resulls of quasi
stat ionary sensit iv i ty analysis,  the or iginal  66-step mechanisnr could be reduced to
a 23-stcp schene wirhout signiiicant loss in accuracy of specjes concentrarions.

Quasi-stat ionary sensi l iv i ty results wcrc compared with ratc analysis rcsults
under ident ical  condit ions. Both methods selecled thc same steps as importanl

Product concentrat ions calculated with the rcduced schcne at 37 propane
conversion agreed within one percenl with the results derived from the full Drechanism
(see table VII in ref. [4]).

5,2. PHOTOCHEMISTRY OF'THT "UNPOLLUTED '' TROPOSPHERE

A mechanism was lomrulated by Bdrces et ai. I13] to describe the phoio-
chemjstry of processes occurring in the slightly polluted troposphere. This nechanism.
consisting of sixty el€mentary reactions of twenty-two reaclive species, was used to
calculate the diurnal variation of pollutants under typicxl meteorologjcal conditions
for a summer day at northern midlatt i tudes of45".  Sensit iv i ty analysis was carr ied
out with concentrations and fate parameters corr€sponding io each hour of the diurnal
cycle.
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time (hfl

Fis- 1. Diurnal charge ot reaclion imporlances in the modcl of
unpoUuled iioposphere Nunbeiing of Ieactions refers to thc
tnechanism in lef  l l3 l .

The quasi-slationary sensitivjty matrix was deternrined for each hour using

fie unmodified Jacobian. Principal co ponent analysis was crrried out and a reaclion

was considercd impo ant ifil belonged to an eigenvector element greater than 0 1 and

the eigenvector correspond€d lo an eigenvalue greater than 0.0001. The major lesults,

which are very simjlar to the rate analysis outcomes, are presented in fig l.Thetime

intervals indicaled by shaded areas are those in which the pa.ticular reaclion proved

to be important. It can be seen that altogether there are lb(y_nine reaction steps

which are important during the whole day or at least in one part of the day The

calculatcal diurnal concentration versus timc profiles obtained f.om the zt9_step



.108 T. Turutni ct al., Qualistatianarj set].sitiritl analyris

Tabl. I

{  ( , rp r .son  o f  rh .  so lu l ions  r l  norn  ds ivcd  i rom the  co  p le lc  and the  reduced
!rodels of unpolluted ln,postl.re

Corcer t rar ions at  noon

NO
NO,
o,
HCHO
c U r
co
so.
SO;
C H .  O l  H
H ,  O ,
H N O .
I IONO
H O . N O .
c H r  o :
i lo-
N . O .
\ 0 r
ot l
C H .  O

C H .

1 . 4 5 5  E  + 0 8
5.66I  l i  +  08
l � 4 3 2  [  +  1 1
5.037 t :  +09
4.200 r r  + 13
4.000 [  + 12
8.054 E +09
5 . ? 2 7  E  + 0 8
2.895 [  ]09
8 . 8 1 7  E  + 0 9
8.617 l t  + 08
4 . 1 3 t  j j  + 0 6
2 . 6 9 7  E  + 0 6
6.962 t  +07
1 . 5 7 3  |  + 0 8
| .132 E. + 02
1 . 1 5 6  E  + 0 4
1 5 5 0  E  + 0 6
6 . 2 4 9  E  + 0 1
.1.154 [  +02
L 2 r 3  E  0 1
3.534 E 03

1 . 0 5
0.40
0.48
0.00
0.03
0 . t 1
1 . 4 4
? . 9 5
? . 5 9
2 . 1 0
0.66
1.,13
3 . 1 5
2 . 5 2
1 . 8 8
1 . 0 1
3 . 2 1
0 . 8 9
0 . 2 5
3 . 3 3
0 . 4 1

r  1)c!Duons r t tu  24 hou6 s imuhr ion t iDe.

reduced nechanisnr are very close lo lhe solution of the 66-s1ep full nechanisDl.
lhis is apparent frorD tablc 1, rvhcrc conccntrat ions for noon calculated from the
lw0 modcls are conrpafed.
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